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1 Introduction 

In this paper, k always denotes a field and R is an arbitrary associative /c-algebra. 
When we say an i?-module, we always mean a left i?-module unless otherwise stated. 

From the view point of representation theory, the final goal of the theory of R- 
modules should be to construct the moduli consisting of the isomorphism classes of 
/^-modules, by which we mean a geometric realization of the set of isomorphism classes. 
Generally speaking, it is however impossible to describe all the isomorphism classes of 
i?-modules, even if we restrict ourselves to consider indecomposable ones. And one 
should say that the construction of moduli for i?-modules is hopeless. 

But there is a way to observe the moduli from the local view point. Fixing an R- 
module M, and assuming there is a modulus containing M as a rational closed point, 
we can ask how it looks in the neighbourhood of the point, which is nothing but to 
consider the universal deformation of M. In such a context, the existence of formal 
local moduli is known ([2], [3], [H])- 

To explain this, let Ck be the category of commutative artinian local /c-algebras 
with residue field k and /c-algebra homomorphisms. We consider the covariant functor 

■ Ck (Sets), 

which maps A ^ Ck to the set of infinitesimal deformations of M along A, i.e. 

{{R, /l)-bimodules X that are flat over A 
©and X A; = M as left i?-modules 

where = means [R, 74)-bimodule isomorphism. Under these circumstances the following 
theorem is known to hold. 

Theorem 1.1 (Schlessinger's Theorem 1968) Suppose Ext]^{M, M) is of finite di- 
mension as a k-vector space. Then the functor J-'m is pro-representahle. More precisely, 
there exist a commutative noetherian complete local k-alegbra Q with residue field k and 
an {R, Q)-bimodule U that is flat over Q such that there is an isomorphism 

^Omk_alg{Q, ) = J^M 

as functors on Ck- The isomorphism is given in such a way that each f G YiovUk-aigiQ ■, A) 
is mapped to \U ®q fA\ G jFjvf(A) for A G Ck, where fA denotes the right A-module A 
regarded as a left Q-module through f . 
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In such a circumstance, we call U the universal family of deformations of M, and 
call Q (resp. Spec Q) the commutative parameter algebra (resp. the parameter space) 
of U. 

One of the easiest examples is the deformation of Jordan canonical forms. 

Example 1.2 Consider an n x n matrix which is of an irreducible Jordan canonical 
form: 

/O 1 ■■■ 0\ 
1 ■■■ 

: : : : 1 
\0 ■■■ 0/ 

Setting R = k[x], we know that this is equivalent to consider the indecomposable 
i?-module M = k[x]/{x"'). In this case, we can take Q = k[[tQ, . . . ,tn-i]] as the 
commutative parameter algebraCand U = Q[x]/ {x'^+tn-ix'^~^+- ■ -+^0) as the universal 
family of deformations of M. If we consider this in a matrix form, we obtain a so-called 
Sylvester family of matrices. 

/ 1 ■■■ \ 
1 ■■■ 

: : : : 1 



Under the setting of Theorem ll.il since the bimodule U is flat as a right Q- module, 
the functor U ®q — : D{Q) D{R) between derived categories is defined. Remark 
that U ®Q k = M. Thus the functor induces a map between Yoneda algebras. 

p : ExtQ(A;, A;) ^ Ext jj(M,M). 

Of most interest is the mapping 

p2 : ExtJ(A;,fc) ^ Ext^(M,M), 

which is often called the obstruction map. Our motivation of this paper starts with 
the observation that does not work well as a comparison map between cohomology 
modules. We show this by the above example. In fact, we see in Example 11.21 that 

ExtQ{k, k) = (Koszul relations of degree 2 in the variables tis)* 

i P' 
Ext^(M, M) = (0). 

Compared with that Ext^(M, M) = (0), the /c-vector space ExtQ(/c, fc) has dimension 
n{n — l)/2. This is one of the examples that shows that does not work well as 
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a comparison map of cohomology modules. Here we should notice that the Koszul 
relations of degree 2 are derived from the commutativity relations of the variables 

Thinking this phenomenon over, we get the idea that the parameters to, . . . ,tn~i 
should be regarded as non- commutative variables. Now we propose the following idea. 

Idea 1.3 Parameter algebras should be non-commutative. 

If we simply generalize the arguments in the commutative setting, we will have 
difficulty in showing the flatness of the universal family of deformations over the non- 
commutative parameter algebra. The reason for this is that the local criterion of 
flatness does not necessarily hold for modules over non-commutative rings. Therefore, 
to avoid the argument about flatness, we also propose the following idea. 

Idea 1.4 We should consider the deformation of chain complexes instead of modules. 

The deformation of chain complexes is nothing but the lifting of complexes, which 
we mainly discuss in this paper. In such a way, we necessarily come to think of "the 
universal lifts of chain complexes over non- commutative parameter algebras" . 

Just to explain about the lifting of chain complexes, let us introduce several notation 
concerning chain complexes. When we say F = {F, d) is a chain complex (or simply a 
complex) of -R-modules, we mean that F = (Bi^z^i is a graded i?-module and d : F 
F[—l\ is a graded homomorphism satisfying d^ = A projective complex F = {F,d) 
is just a complex where the underlying graded module F is a projective i?-module. If 
F = {F, d) is a projective complex, then we define Ext^(F, F) to be the set of homotopy 
equivalence classes of chain homomorphisms on F of degree —i. 

We introduce the category Ak-, whose objects are artinian local fc-algebras with 
residue field k with fc-algebra homomorphisms as morphisms. (Note that an object of 
Ak is not necessarily a commutative ring, but it is a finite dimensional /c-algebra.) Now 
let A G Ak and let F = {F, d) be a projective complex of -R-modules. Then, {F®kA, A) 
is said to be a lift of F to A if it is a chain complex of R ®k A°^-modules, and satisfies 
the equality A ®a k = d. 

The aim of this paper is to construct the universal lift of a given projective complex 
F = {F, d) which dominates all the lifts of F to all non-commutative artinian /c-algebras 
in Ak, and to investigate the properties of its parameter algebra. 

We should note that such a universal lift is no longer defined on an artinian algebra, 
but defined on a 'pro- artinian' local /c-algebra. We call such a pro-artinian algebra 
a complete local /c-algebra by an abuse of the terminology for commutative rings. 
The non-commutative formal power series ring k{{ti, . . . ,tr)) with non- commutative 
variables ti, . . . ,tr is an example of complete local /c-algebra. This is actually complete 
and separated in the {ti, . . . ,tr)-a.dic topology. And a complete local /c-algebra is 
defined to be a residue ring of the non-commutative formal power series ring by a closed 
ideal. (See Definition 12. II and Proposition [231) In particular all artinian algebras in Ak 
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are complete local /c-algebras. But the difficulty here is that complete local /c-algebras 
are not necessarily noetherian rings. 

We can extend the notion of lifting to the lifting to complete local /c-algebras. In 
fact, (F®fcy4, Aa) is said to be a lift of F to a complete local /c-algebra A if it is a chain 
complex of i?®A:A°^-modules and the equality Aa ®a k = d holds. (See Section 2.3 for 
the complete tensor product ®.) 

To give a precise definition of universal lifts, let F = [F, d) be a projective complex 
of /^-modules which we fix. Then we define a covariant functor JF : Ak {Sets) by 
setting as T{A) the set of chain-isomorphism classes of lifts of F to A for any A G Ak- 
If we have a complete local /c-algebra P and a lift L = {F^kP, Ap) of F to P, then 
we can define a natural transformation 0l : Homfc_aig(P, — ) ^ of functors by setting 
0l(/) = {P ®fc A,Ap ®p for A ^ Ak and / G Homfc_aig(P, A), where /A denotes 
the right A-module A regarded as a left P-module through /. 

A chain complex L = (F®fcP, Ap) is said to be a universal lift of F, if is an 
isomorphism of functors. In this case, we say that P is a parameter algebra. 

The first main result of this paper is about the existence and the uniqueness of 
universal lifts, which we summarize as follows. (See Theorem 13 . 1 71 and Theorem 13. 2U[ ) 

Theorem 1.5 Let F = {F,d) be a projective complex of R-modules. We assume that 
it satisfies r = dinij. Ext}j(F, F) < oo. Then the following statements hold true. 

(1) There exists a universal liftho = (P^^Pq, Aq) of¥. 

(2) A parameter algebra Pq is unique up to k-algebra isomorphisms. 

(3) Fixing a parameter algebra Pq, a universal lift Lq is unique up to chain isomor- 
phisms of complexes of R^kP^^ -"modules. 

(4) The parameter algebra has a description Pq = T/I, where T = k{{ti, . . . is 
a non- commutative formal power series ring of r variables and I is a closed ideal 
which is contained in the square of the unique maximal ideal ofT. 

We shall give a proof of this theorem in Section 3, where we need several new ideas 
to do so, because complete local /c-algebras are not necessarily noetherian. We should 
remark that every complete local /c-algebra can be a parameter algebra. In fact, for any 
complete local /c-algebra P with maximal ideal mp, P itself is the parameter algebra 
for the universal lift of a free resolution of the left P-module k = P/vap. (See Theorem 
[323]). 

This theorem is essentially used in the proofs in Section 4, where we investigate the 
properties of parameter algebras by considering the comparison of cohomology modules. 
As one of the main results there, we can give a certain structure theorem for parameter 
algebras. In fact, assuming that r = dim^ Ext^(F, F) < oo and i = dim^ Extp(F, F) < 
oo for a projective complex F of P-modules, we have a description of the parameter 
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algebra Pq as Pq = k{{ti, . . .tr)) / {fi, ■ ■ ■ , ft). (See Theorem 14. 7[ ) In particular, if 
dinifc Ext^(F, F) = 0, then the parameter algebra equals a non-commutative formal 
power series ring. 

Let Pq be the parameter algebra of the universal lifts of F which is described as 
Pq = T/Iq, where T is a non-commutative formal power series ring and Iq is a closed 
ideal of T with Jq C xn^. Then we prove in Theorem 14 . 1 51 that there is an isomorphism 
of fc-vector spaces 

Ext^(F, F)2 ^ Homfe(/o//o n mi^, k), 

where the left hand side means the /c-subspace of Ext^(F, F) generated by all the 
products of two elements in Ext^(F, F). This isomorphism shows that Iq C mi^ if and 
only if Ext}j(F,F)2 = 0. (See Corollary EEl) 

We can also regard such all observations as results of comparison of cohomology 
modules. For this, we assume that F = [F, d) is a right bounded projective complex of 
i?-modules, and let Lq = (FcS^Po? ^o) be the universal lift of F. For any integer n, we 
have a projective complex of R ®k (-Po/i^ipg) "^-modules; 

= (F ®k Polx^\, Ao ®Po Po/m^J, 

which is a lift of F to Pq/ • Therefore we have a morphism of Yoneda algebras as 
before; 

Extp„/„„^(fc,fc)^Ext^(F,F). 
Taking the direct limit, we finally get the fc-algebra homomorphism 

p : limExtp^/^„^(A;,A;)-^Ext^(F,F). 

Our main problem is to see how the mapping p* behaves for z > 0. One can easily 
observe that : limHompg/n^n {k,k) = k End/j(F) is a natural embedding and 
hence it is always an injection. Furthermore, by our construction of Lq in Theorem 
II. ol we see that pi : limExtp,,/^n {k,k) = (mp„/m^J* Extp(F,F) is a bijection 

One of the main theorems of this paper is Theorem 14. 2H in which we prove that 
p^ : limExtp /^n {k,k) — s> ExtR(F, F) is always an injection. This actually realizes 
Idea 11.31 We should notice that this holds because we had extended the notion of 
parameter algebras to non-commutative rings. 
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2 Non-commutative complete local algebras 
2.1 Definitions and properties 

Throughout this paper, k always denotes a field. Let A be an associative /c-algebra. By 
an ideal of A we always mean a two-sided ideal. When 5* is a subset of A, we denote 
by (S) the minimum ideal of A that contains S. 

Definition 2.1 Let A be an associative local /c-algebra with Jacobson radical m^. We 
say that A is a complete local fc-algebra if the following three conditions are satisfied. 

(a) The natural inclusion k (Z A induces an isomorphism k = A/vaA- 
(6) The /c- vector space rriyi/m^ is of finite dimension. 

(c) A is complete and separated in the triA-adic topology, i.e. the natural projections 
A — > A/m" (n G N) induce an isomorphism A = lim A/m^. 

For a complete local /c-algebra A, we always denote by the Jacobson radical of 
A, and we regard A as a topological ring with iriA-adic topology. 

Note that any artinian local /c-algebra A with A/rriyi = /c is a complete local k- 
algebra in our sense. 

Example 2.2 Let S = k{ti,t2, ■ ■ ■ ,tr) be a free /c-algebra over variables ti,t2, . . . ,tr, 
and let J = (ti,t2, ■ ■ ■ , tr). We denote by T the J-adic completion of S, i.e. 

T = lim5/J", 

and we call T the non-commutative formal power series ring, which is denoted 
by k{{ti,t2, ■ ■ ■ ,tr))- Clearly from the definition, T is a complete local /c-algebra with 
maximal ideal = (ti, ^2, • • • , U)- 

Note that each element of T has a unique expression as a formal infinite sum 
J2x C\m\, where C\ E k and the ttia's are distinct monomials on ti, ^2, • • • , U- 

Remark 2.3 Let / : A — > i? be a /c-algebra homomorphism of complete local k- 
algebras. Then it is easy to see that / is a local homomorphism, i.e. /(itia) C m^. In 
particular, / is a continuous map. 

Definition 2.4 Let A be a complete local /c-algebra and let I be an ideal (resp. a left 
or right ideal). Then we denote the closure of / by J, i.e. / = fl^o (-^ + ^^4)- 
easy to see that / is also an ideal (resp. a left or right ideal). We say that / is a closed 
ideal (resp. a closed left or right ideal) if J = /. 
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Remark 2.5 If A is a commutative complete local /c-algebra, then it is well-known 
that A is noetherian and every ideal of A is closed (cf. [Tj). But, in general, a non- 
commutative complete local /c-algebra is not necessarily noetherian, and an ideal may 
not be closed. 

For example, let T = k{{x,y)) and let / = (x). Since any element of / is a finite 
sum of elements of the form axb with a,b G T, one can easily see that Yl'^=i y"'xy'^ 
belongs to /, but not to /. 

Remark 2.6 If / is a closed ideal of a complete local /c-algebra. Then, / is complete 
and separated in the relative topology on /, i.e. 

/ = lim///nm^. 

Lemma 2.7 Let A be a complete local k-algebra and let I be an ideal of A. Then, A/I 
is a complete local k-algebra if and only if I is a closed ideal. 

Proof. Note that the residue ring A/ 1 is complete (but may not be separated) in rriyi- 
adic topology. If / is a closed ideal, then A/ 1 is separated, hence A/ 1 is a. complete local 
/c-algebra. Conversely, if A/ 1 is a complete local /c-algebra, then the natural projection 
f : A ^ A/I is continuous and {0} C A/I is closed. Therefore / = /~^({0}) is closed. 
□ 

Lemma 2.8 Let f : A ^ B be a k-algebra homomorphism of complete local k-algebras. 
Suppose that the induced mapping f : iriA/m^ mB/tn^ is surjective. Then f is a 
surjective homomorphism. 

Proof. It is easy to see by induction on n that the induced mappings / : m^/m^^^ — > 
m^/m^^^ are surjective for all n > 1. Then, for a given b E B,we can find G (0 < 
i <n) such that /(ao + Oi + ■ ■ ■ + a„) — 6 G m^^"'^ for ri > 0. Thus, putting a = Yl^=o ^n, 
we have a E A and /(a) = b, since / is continuous. □ 

Proposition 2.9 Let A be a complete local k-algebra. Then, there are a non- commutative 
formal power series ring T = k{{ti, ^2, • • • , tr)) and a k-algebra homomorphism f : T 
A such that the induced mapping f : mT/rriy mA/vci\ is bijective. 

In particular, A can be described as A = T/I, where I is a closed ideal of T and 
I C m^. 

Proof. Take Xi, X2, . . . , Xj. G m^\m^ which give rise to a basis of the /c-vector space 
iTiyi/m^. Now define a /c-algebra homomorphism f : T = k{{ti,t2, . . . ,tr)) — > A by 
f{ti) = Xi (1 < < t). Then it is obvious that / satisfies the desired conditions. □ 

Definition 2.10 We denote by Ak the category of complete local /c-algebras and k- 
algebra homomorphisms. We also denote by Ak the category of artinian local /c-algebras 
A with A/ttia = k and /c-algebra homomorphisms. Obviously, Ak is a full subcategory 
of Ak- 
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Remark 2.11 Let A be a complete local /c-algebra. Then A/m\ G Ak for any n > 1 
and by definition A = limA/m^. Conversely, let 

■ ■ ■ > An+i > An > An-i > ■ ■ ■ > Ai 

be a projective system in Ak such that each induces an isomorphism iriyi^/m^^ = 

iTiA„_i/iTi^„_;^- Then we have that limA„ G Ak- 
in fact, we see from Lemma [2.91 that each An is isomorphic to T//„ for any n > 1, 
where h ^ I2 ^ ■ ■ ■ ^ In ^ ^n+i ^ ■ ■ ■ are closed ideals of the non-commutative formal 
power series ring T . Then we have limyl„ = T/ fl^i and fl^i is a closed ideal 
of T. Thus the claim follows from Lemma [2.71 

We remark here on the closedness of certain ideals in the non-commutative formal 
power series ring. First we note the following lemma. 

Lemma 2.12 Let I be a left ideal of T = k{{ti,t2, ■ ■ ■ ,tr)) , and suppose that I is 
finitely generated as a left ideal. Then I is a free module as a left T -module. 

Proof. We note that I/xutI is a finite dimensional /c- vector space. Hence we can 
take a finite number of elements /i, • • • , /n G / which yield a base of the fc- vector space 
I /vc\.tI. First we claim that I is generated by /i, ...,/„ as a left ideal. 

To show this, let x be any element of /. Since I = T{/i, . . . , /„} -|- vcxtI, there 
are elements aoi, . . . , aon £ T such that x — Y17=i ^oifi ^ v[ItI. Then, apply the same 
argument to this element, we can find an, ... , ai„ G ttit such that x — Y17=i ^^oifi — 
Sr=i ^ tn|,/. Inductively, one can show that there are an, . . . ,ain G with 
X — X]r=i('^oi + (In + ■ ■ ■ + aii)fi G m^^I for any i > 1. Now put a, = X^^q which 
are well-defined elements in T, and we have x = J21=i (^ifi- Thus the set {/i, . . . , /„} 
generates / left ideal. 

Now we prove that {/i, . . . , /„} is a free basis of / as a left T-module. To show 
this, let Yl^=i ^ifi — 0' where Oi E T {1 < i < n). We have to show Oj = for each i. 

For this, we only have to prove, by induction on £ > 1, that a.j {1 < i < n) belong 
to xn^ for all Oj G T (1 < z < n) which satisfy the equality Yl^=i ^ifi ~ 0- 

Since {/i, . . . ,/„} is a fc-base of I/vcitI , it is trivial that a.j G xxit (1 < ? < n). 
Hence the claim holds for i = 1. Now assume Oj G vci^ ^ i ^ n) for i > 1. Then we 
may write = ^^=1 tjbji for some bji G mff^. Thus we have 

r / ^ \ 

j=i \i=i J 

in T. Since an element of T has a unique expression as a formal infinite sum of 
monomials with coefficients in k, it follows that Yl^=i ^jifi = fo^ any j. Then, by the 
induction hypothesis, we have bji G mf., and hence at = X]j=i ^j^ji ^ tn^^ as desired. 
□ 
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The following lemma is known as Nagata's theorem for commutative formal power 
series ring, which is easily generalized to non- commutative ones. 



Lemma 2.13 Let T = k{{ti,t2, ■ . . ,tr)) be a non- commutative formal power series 
ring. Suppose a descending sequence Oi D a2 D 03 D ■ ■ ■ of left ideals of T satisfies the 
equality fli^i = (0)- Then the linear topology on T defined by {oj | i = 1,2,. . .} is 
stronger than the xriT-adic topology. 

Proof. The proof given in [5], (30.1)] is valid for non-commutative case. □ 

Proposition 2.14 Let I be a left ideal of a complete local k-algebra A. If one of the 

following conditions holds, then I is a closed left ideal in A. 

(a) A is a non- commutative formal power series ring T = k{{ti,t2, ■ ■ ■ ,tr)) and I is 
finitely generated as a left ideal. 

(b) I is of finite length as a left A-module, i.e. dim/jJ < 00. 

Proof, (a) By Lemma [2l2] we may write / = T{/i, . . . , /„} = T/i © ■ ■ ■ © r/„. We 
prove the lemm by induction on n. If n = 0, then it is trivially true. 

Suppose n > and set J = T{/2, . . . , /„}. (We understand J = (0) if n = 1.) Note 
that we have a direct decomposition / = Tfi © J as a left T-module. Now we set 

ae = {c E T \ cfi + g E for some g E J}, 

for each i > 0. Note that ae is a left ideal, ae ^ ae+i and xn^ C ae for all i. First of all, 
we claim that the following equality holds. 



fl a, = (0) (*) 



e=i 

In fact, for any element c E H^i there is an element ge E J with cfi + ge E 
for each Since ge — ge+i £ nif , we see that {ge} forms a Cauchy sequence in the 
tTiT-adic topology. Therefore we see that cfi +lim^^oo5'^ = 0. Since J is a closed ideal 
by the induction hypothesis, we have lim^^oo Qi £ J , and thus we have cfi E J. Then 
the direct decomposition / = Tfi © J forces cfi = 0, hence c = 0. This proves the 
equality (*). Note from Lemma [2.131 that the ideals ae define the topology equivalent 
to the iTiT-adic topology. 

Now, to prove that / is closed, take an element x E I. We want to show x E I. Take 
a sequence {a£|£=l,2,...}in/ which converges to x in the triT-adic topology. We may 
assume that ae — ae+i E for each i. Each ae has a unique description ae = ^"=1 
for some be^i E T. Thus Yl^=ii^i,i ~ ^ ^t- Therefore be^i — E ae for any 

i. Then, by the fact we have shown above, we see that {be^i | i = 1, 2, . . .} is a Cauchy 
sequence in the iTiT-adic topology. This is true for the sequences {be^i \ i = 1,2, . . .} 
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for all i {1 < i < n). Since T is complete in the mT-adic topology, the sequence 
{be,i I ^ > 1} converges to an element Ci & T for each i. Then, x = limi^^ai = 
X;r=i lim^-^oo biifi = Yh^^ CifiE I as desired. 

(b) Since fl^i ^ ^ — fXi=i = (O); since dimfcJ < oo, there is an integer 
rio such that I fl = (0) for n > uq. Thus / + = / © for n > uq. Therefore, 

oo oo oo 

7 = f] I + m'X= f] I ®m'X = I ® f] ml = I. □ 

n—riQ n=no n=no 

Corollary 2.15 Let A G Ak and let I be an ideal of A. Suppose one of the conditions 
in the previous proposition holds. Then we have A/I & Ak- 

The Artin-Rees lemma for non-commutative formal power series ring holds in the 
following form. 

Corollary 2.16 Let I be a finitely generated left ideal of the non- commutative formal 
power series ring T = k{{ti,t2, ■ ■ ■ ,tr))- Then, the relative topology on I induced from 
T is equivalent to the m-T-adic topology on I. That is, for any m > 1, there is an 
integer i > 1 such that H / C m™J. 

Proof. In the proof of (a) in Proposition 12 . 1 41 we have shown that, for a given m > 1, 
there is an integer ii > 1 such that ae^ C m^. This shows that ci/i + ■ ■ ■ + c„/„ G m^^ 
implies Ci G m^^. This is true for any i {1 < i < n), that is, there is an integer £i > 
such that Ci/i + ■ ■ ■ + c„/„ G implies q G m™. Now take i so that i > ii for all 
^ (1 < < n). Then we have that Ci/i + ■ ■ ■ + c„/„ G implies Cj G m™ for all i. 
Hence J n C m™/. □ 

Definition 2.17 Let A be a complete local /c-algebra and let S be a subset of A. Then 
we say that an ideal / is analytically generated by 5 if / = (S). 

Proposition 2.18 Let A be a complete local k-algebra and let S be a subset of a 
closed ideal I of A. Then, I is analytically generated by S if the image of S generates 
J/m^J + Ivxa as a k-vector space. 

Furthermore, if S is a finite subset, then the converse is also true. 

Proof. Suppose that the image of S generates I/vcxaI + /tn^, and let n be an ar- 
bitrary natural number. Since itia/ + Ivxa C + Ixu-a + (m^ fl /) C J, the set S 
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generates I /vciaI + -^^Tiyi + iy^\ fl J) as a /c- vector space, hence 



I = {S)+ xuaI + IxriA + {m'X n /) 
= (5) + mA{{S) + xxxaI + ImA) + ((5) + 111^/ + ImA)mA + {xn'X n /) 
= (S) + (my + m^/m^ + Jm^) + (m^ n J) 

= (^)+ 5^ mym^;, + (m:^nJ), 

i+j=s 

for 1 < s < n. Finally, putting s = n, we have that / = (S) + (m^ fl /). Since this 
equality holds for all n > 1, we have I = (S). 

To prove the converse, we assume that / is analytically generated by a finite subset 
S. Then the equality I = r\n=iiiS) + m^) holds. Since / C (^) + m^, we have 
/ = (S') + (m^nJ) for alln > 1. Thus the image of S" generates //m^/ + /mA + (tn^nJ) 
as a fc-vector space, for all n > 1. In particular, dim^ I/vciaI + Ixu-a + (tn^ H /) < 15*1. 
Since \S\ is finite, there is an integer no > such that J/m^J + IrriA + (m^ fl /) = 
J/m^J + ImA + i^^^ n I) for all n > uq. Thus, we have the equahty //m^J + Jitia = 
I/mAl + IxnA + (tn^" fl /), which is generated by 5 as a A;- vector space. □ 

Corollary 2.19 Let I be a closed ideal in a complete local k-algebra A. Then, the 
equality I = xxiaI + /tn^ implies I = (0) 

Corollary 2.20 Let I be a closed ideal in a complete local k-algebra A. Then, I is ana- 
lytically generated by a finite number of elements of I if and only if dimk (//mXT+Trru) < 
00. 

Corollary 2.21 Let I be a closed ideal in a complete local k-algebra A that is analyt- 
ically generated by a finite number of elements. Then, the equality 

m^/ + Im-A = m^/ + /m^ + (m^ n /) 

holds for any large integer n ^ 1. 

Proof. See the proof of Proposition 12.181 □ 

It is well-known that the category Ak admits the fiber products. 

Lemma 2.22 The category Ak admits the fiber products, that is, any diagram in Ak 

B 
9 

A — ^-^ C 
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can be embedded into a pull-back diagram 

Q ^ B 

9 

A C. 

Proof. For any integer n, we have a diagram in Ak 

A/m'l C/ml 

from which we have a fiber product Qn '■= A/vcCX Xc/mg B/ra^ in the category Ak- It 
is clear that {Qn\ n > 1} forms a projective system in Ak- Put Q = lim Qn, and we 

have Q G Ak by Remark |2 .Hi It is routine to show that Q is a fiber product in Ak- n 

Remark 2.23 In the setting of Lemma |2.22[ the fiber product Q and its Jacobson 
radical rrig can be described in the following way : 

Q = {{a,b)eAxB\ f{a) = g{b)}, xxiq = {{a,b) e A x B \ f\a) = f{b) e mc}- 

We denote the fiber product Q hj A Xq B. 

2.2 Small extensions 

Let A be a complete local /c-algebra. We say that an element e 7^ in A is a socle 
element of A if m^e = exviA = 0. Note that an element e of A is a socle element if and 
only if the ideal (e) is a one- dimensional fc-vector space. Note that if A is an artinian 
local /c-algebra then there exists at least one socle element. 

One should remark from Corollary 12.151 that, if e is a socle element in a complete 
local /c-algebra A, then A = A/{e) is also a complete local /c-algebra. 

Definition 2.24 A pair [A', e) is called a small extension of a complete local fc-algebra 
A if e is a socle element of a complete local /c-algebra A' and A' / (e) = A as a. fc-algebra. 
To describe the small extension [A', e) of A, we often write it as a short exact sequence 

> k A' A > 0, 

where tt is the natural projection. 

Lemma 2.25 Let {A',e) be a small extension of a complete local k-algebra A. 



13 



(a) If e ^ iTii'-' then there is a k-algehra homomorphism l : A A' that is a right 
inverse of tt : A' A. In this case, A' is isomorphic to triyix, xm^) as 

a k-algehra, which we call a trivial small extension of A. 

{h) If e E m^,, and if A = T/I where I is a closed ideal of T = k{{ti,t2. ■ ■ ■ ,tr)) 
and I C m^ , then there is a closed ideal J ^ I of T such that A' = T / J and 
the length It{I / J) = 1- In this case, we say that {A',e) is a nontrivial small 
extension. 

Proof, (a) Suppose e ^ m^,. Then, since (e) = k, we have (e) fl m^, = (0). Thus we 
can take a A;-subspace n of xwa' such that m^, C n and m^/ = (e) ©n as a /c- vector space. 
Noting that = m^, , we see that the /c-subspace /c © n C A' is actually a /c-subalgebra 
and the restriction to k (B n of tt : A' ^ A yields an isomorphism k (B n = A. 

(b) Suppose e G m\,. Then we have mA'/va\, = m^/m^. It follows from Lemma 
12.91 that there is a commutative diagram in Ak 



T 


T 


f 




f 


A' 


— A, 



where / and /' are surjective and / = Ker(/). It is easy to see that J = Ker(/') 
satisfies the desired conditions. □ 

Definition 2.26 Let A G Ak- For small extensions {Ai,ei) and (^42,62) of A, we say 
that (Ai,ei) and (^12,62) are equivalent, denoted by (Ai,ei) ~ (^2,62), if there is a 
/c-algebra isomorphism f : Ai ^ A2 with /(ei) = 62- We denote by T{A) the set of 
equivalence classes of small extensions of A : 

T{A) = {{A', e) I e G A' G A, (e) = A'/{e) = A}/ ~ . 

For a small extension {A', e) we denote its equivalence class by [A', e]. 

Note from Lemma 12.251 that trivial small extensions defines a unique element of 
TiA). 

Lemma 2.27 Let A G Ak- Then T{A) is an abelian group in which the zero element 
is the class of a trivial small extension. 

Proof. Let [y4i,ei] and [^2,62] be elements in T{A). Then we have the following 
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commutative diagram by taking the fiber product. 





(0,€2) 



£2 



k > Ai XaA2 



^ k 







A, 



A 







Put B = Ai ^2/(61, —62) and it follows from the exact sequence of the middle row 
in the diagram that there is an exact sequence 







k > B 



A 



0. 



Note that, since Ai Xa A2 is a complete local /c-algebra by Lemma [2.221 and (ei, —62) 
is its socle element, it follows from Corollary 12.151 that 5 is a complete local fc-algebra. 
Hence {B, (ei,0)) is a small extension of A. Note that (ei,0) = (0,62) in B. Now we 
define the sum by 

[Ai,ei] + [A2,e2] = [5,(ei,0)]. 

Then it is routine to verify that T{A) is an abelian group by this definition of addition. 
Actually, the commutativity of sum is given by the isomorphism 

AiXa ^2/(61, -62) = A2Xa Ai/{e2, -ei), (ei, 0) ^ (e2, 0). 

The associativity is induced by 

{A, ^2/(61, -€2)} Xa ^/((ei, 0), -63) = x^ {A2 x^ ^3/(62, -e3)}/(ei, -{^2, 0)). 

Let {Aq, eo) be a trivial small extension of A. Then we can show Ai xaAq/ (ei, — eo) = 
Ai, which implies that [Ao,eo] is the zero element in T{A). Note that the inverse 
element is given in the following. 

-[Ai,ei] = [Ai,-ei] 
In fact, using the following lemma [2.281 one can show the isomorphism 

A^ Xa A/(ei, ei) = A x,, D/{€^, 0) ^ A^. □ 
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Lemma 2.28 Let A E Ak and let D = k[eQ]/{eQ), which we call the ring of dual 
numbers over k. Then we have the following isomorphism of complete local k-algebras 
for any (Ai,ei) eT{A). 

Ai xaAi = AiXkD 

Proof. Define f : Ai Xk D ^ Ai xa Ai by /((ai, oT + ceo)) = (^i, ai + cei), where 
fli G Ai and c E k, and cli E k = Ai/xu-a^ is the natural image of ai E Ai. Then it is 
easy to see that / is an isomorphism of /c-algebras. □ 

Let [Ai, ei] E T{A) for A E Ak- We define the scalar product by an element c E k 
as follows : 



c-[Aue] 



[Auc~'e] (c^O) 
the class of a trivial small extension (c = 0). 



Lemma 2.29 Let A E Ak- Then T{A) is a k-vector space by the above action of k. 

Proof. Let ci,C2 E k and [y4i,ei], [^2,62] E T{A). It is obvious from the definition 
that (C1C2) ■ [Ai, ei] = Ci(c2- [Ai, ei]). When ci 7^ 0, the identity ci -{[Ai, ei] + [A2, 62]) = 
ci ■ [Ai,ei] + ci ■ [^2,62] follows from the isomorphism Ai Xa A2/ {ei, —e-^) = Ai Xa 
^2/(cj~^ei, — cj'^e2). We have to verify the equality (ci + C2) ■ [Ai, ei] = ci ■ [Ai, ei] + C2 ■ 
[Ai, ei]. If one of Ci, C2 and ci + C2 is equal to zero, then it is easy to see the equality 
holds. We assume that ci 7^ 0, C2 7^ and ci + C2 7^ 0. In this case, we have from 
Lemma [2.281 the isomorphism 

Ai Xa ^i/(cr^ei, -C2 ^ei) = Ai x^ D/{c^hi, -(q^ + c^^)eo) = Ai, 

and by this isomorphism (c]~^ei,0) corresponds to (ci + C2)~^ei E Ai. Hence, [Ai Xa 
Ai/(q^ei, -C2^ei), (c^^ei, 0)] = [Ai, {ci + C2)~^ei]- □ 

Lemma 2.30 Let Ai,A2 E Ak and let f : Ai ^ A2 be a k-algebra homomorphism. 
Then f induces a k-linear map f* : T{A2) T{Ai). Therefore, T is a contravariant 
functor from Ak to the category of k-vector spaces - 

Proof. For a given [Aj, e'^ E T{A2), take a fiber product 

^ k a; > Ai ^ 

/ 

> k — ^ A'2 > A2 > 0, 

and we get a small extension (A'^, e'^) of Ai. Now define f*{\A'2, e^) = [A'^, e^]. It is not 
difficult to verify that /* is a /c-linear mapping. □ 
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Definition 2.31 Let / be a closed ideal of T = k{{ti,t2, ■ ■ ■ , tr))- We always regard I 
as a topological T-bimodule by the relative topology induced from T. Therefore, the 
set {/ n m^^ I n = 1, 2, . . .} gives the fundamental open neighbourhoods of in I. We 
also consider the unique simple T-bimodule k with discrete topology. We set 

B.omcon{I, A;) = {/:/—> A; I / is a continuous T-bimodule homomorphism}. 

Note that / G HomT-bimod(-^, k) belongs to B.omcon{I, k) if and only if /(/ fl mf.) = 
for a large integer n. It is clear that Homcon(/, k) is naturally a fc- vector space. 

Since /{xtitI + Ixxit) = for / G B.oincon{I, k), such an / induces the continuous 
map / : I /vcitI + /ttit k. Hence, 

Homcon(-^, k) — {f '■ I /vcixl + I^T ^ A; I / is a continuous /c-linear map}. 

Note, however, that the induced topology on I/vxtI + Ivn-T may not be discrete. 

Let A G Ak, which we describe as A = T/I where T is a non- commutative formal 
power series ring and I C m^. Under such a circumstance, we define the mapping 

r : Homco„(/, k) -> T{A), 

as follows: For / G Homcori(/, A;), if / = 0, define r(/) to be the class of a trivial 
small extension. If / 7^ 0, then If := Ker(/) = /~^(0) is a closed ideal of T and 
hence Af := T/Ij is a complete local A;-algebra and we can take a unique element 
€/ E I/If Af with /(e/-) = 1. Since I = If + (e/), {Af, e/) is a small extension of A. 
We define r(/) = [Af,ef]. 

Proposition 2.32 The mapping r : B.omconiI , k) T(/l) is an isomorphism of k- 
vector spaces. 

Proof. First we show that r is a A;-linear mapping. To show that t(c/) = c ■ r(/) 
for c G A; and / G Homcon(-^; A;), we may assume that c 7^ 0. Then it is trivial that 
// = Icf, hence Af = Acf and ecf = c~^ef. Thus it follows that r(c/) = c ■ t(/). 

To show T{f + g) = T{f) + r{g) for /, G Homcon(-^, A;), we assume that / 7^ 0, (7 7^ 
and f + g 0. (Otherwise, the equality is proved easily.) Suppose / and g are linearly 
dependent over k, hence f = eg for some c (7^ 0, —1) G k. In this case, we have 
If = Ig = If+g- Since (/ + g){(-g) = c + 1, we see e^+j, = (c + l)~^eg. Therefore, 
r(/ + g) = [Af+g, ef+g] = [Ag, (c + l)-'eg] = (c + 1) ■ [Ag, eg] = c- [Ag, eg] + [Ag, eg] = 
c-T{g) + T{g) = T{f) + T{g). 

Now suppose / and g are linearly independent over k. In this case If 7^ Ig, and 
hence If + Ig = I. It then follows from the obvious exact sequence 

> T/If n Ig Af X Ag > A y 

that we can take ef,eg G / whose images in T/If fl Ig are mapped respectively to 
(e/, 0), (0, eg) by 0. Note that If H Ig C If+g- And note also that /(e/) = 1, /(e^) = 0, 
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g{ef) = and g{eg) = 1, hence (/ + g){ef — Cg) = and (/ + g){ef) = 1. It is then 
easy to see that If+g = {If Hlg) + {ej — Cg). Since Af = T/IfHlg, we have from 

the definition that r(/) + T{g) = [Af, e/] + [Ag, eg] = [T/If+g, e/] = r(/ + g). 

Now we have proved that r is /c-hnear. Assume / 7^ 0. Then, since €f G //// and 
/ C m^, we have e/- G ^"a^- This imphes r(/) 7^ by Lemma [2.25[ Thus r is injective. 
The surjectivity of r is obvious from the definition of r and T{A). □ 

2.3 Complete tensor products 

In this section, let R be an associative algebra over a field k. 

Definition 2.33 For a complete local /c-algebra A G Ak, we define the complete tensor 
product R ®k A as follows : 



Note that R <^k A is an associative /c-algebra, since each mapping R<^k A/xrC^ —>■ 
i? ®fc A/va^ is a /c-algebra homomorphism for n> 1. Also note that, if A G Ak-, then 
R ®k A = R ®k A is aji ordinary tensor product of /c-algebras. 

Remark 2.34 In general, R ®k A is a, subalgebra of R ®k A. However, they are 
distinct in general. 

For example, let R = k[x] and T = k{{t)) = /c[[t]] (with one variable). Then, we 
have R^kT = k[[t]] [x] C R <^k T = k[x] [[t]], which are actually distinct. 

Definition 2.35 Let M be a left /2-module and let X be a right (resp. left) A-module, 
where A G A- Then note that, for each n>l, M(8)fcX/Xm^ (resp. M®fc AT/m^X) is 
a left R'S>k (v4/m^)°P-module (resp. a left R®k (A/m^)-module), i.e. a left module over 
R and a right (resp. left) module over A/m^. We define the complete tensor product 



M ®fc X = lim M ®fc X/Xm^ (resp. M ®fc X = lim M (g)fc X/m^X) , 

which is a left R ®k A°^-module (resp. a left R (8)^ A-module) by the reason above. 

We always consider M^^X and M (8>a; X with iriA-adic topology. In general, there 
is a natural mapping M 0k A ^ M (^k A, which is the completion map in triyi-adic 
topology. 

Remark 2.36 (a) If M is of finite dimension as a /c- vector space with a /c-basis 
{ei, . . . , Ci}, then we have 



R0kA= limi? ®fc A/m^. 



by 
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for any A G Ak- Thus M 0^ A is a free module as a right A-module if dim^M < oo. 

(b) Suppose M is of infinite dimension as a /c- vector space with basis {ex \ A G A}. 
In this case, we have 



M A = hm 



0eA(A/ 



Therefore, an element of M ®fc A is described to be a formal sum exxx {xx G A) as 
an element of Ylx ^a^- Note that exXx G Ha belongs to M ®fc A if and only if 

tl{A G A I xa ^ m^} < oo 

for all n > 1. 

Lemma 2.37 Let A G Ak- 

(a) Let X be a right A-module, and let 

> L > M > N > 

he a short exact sequence of left R-modules. Then the complete tensor product by 
X induces the exact sequence of left R ®fc A"^ -modules 

^ L ®k X > M ®k X > N ®k X > 0. 

(6) Let M be a left R-module, and let 

> X > Y ^ Z > 0, 

be a short exact sequence of left A-modules. Then we have an exact sequence of 
left R ®fc A-modules 

> lim (M ®k {XI X n m^F)) ^ M §fc F > M ®k Z ^ 0. 

In particular, if the relative topology on X induced from the m-A-adic topology on 
Y is equivalent to the m^-adic topology on X , then we have an exact sequence of 
R ®k A-modules 

> M ®k X > M ®k y > M ®k Z > 0. 

Proof. The proof is similar to the commutative complete case in [1] |1] or [5]. □ 

Let M be a left i?- module and let X be a left A-module where A G Ak- Then, from 
the definition of complete tensor products, we see that there is a natural mapping 

7m,x : {M ^k A)®aX ^ M 0k X. 

In fact, 7Af,x is induced from the natural mappings 

(M ®k A)®aX^ (M ®k A/m\) ®AX = M®k X/m\X. 
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Lemma 2.38 Under the circumstances above, suppose that the left A-module X is 
finitely generated. Then, ■yM,x '■ {M ®fc A) — s> M ®a; X ^s surjective for any left 
R-module M . 

Proof. By the assumption, there is a surjective homomorphism of left A-modules 
f : F = ®l=iAei — > X, where F is a free left A-module of finite rank I. Remark that 
7m,f is an isomorphism. Naturally we have a commutative diagram 

(M ®k A) ®A F (M ®k A) ®A X 



1M,F 



1M,X 



M 0k F M ®k X. 

Since the horizontal mappings in the diagram are surjective (see Lemma 12.371) . and 
since 7m,f is an isomorphism, we see that 'Jm,x is surjective. □ 

Proposition 2.39 Let T = k{{ti,t2, . . . ,tr)) be a nan- commutative formal power se- 
ries ring, and let M he an arbitrary left R-module. Then M ®k T is flat as a right 
T-module. 

Proof. To prove the flatness, it is enough to show the following. 

(*) For any finitely generated left ideal a, the mapping 1 ® j : (M ®k T) ®t ct — ^ 
(M ®fc T) ®T T induced from the inclusion j : a — *• T is injective. 

Note that there is a commutative diagram 

(M ®k T) ®T a (M ®k T) ®T T 



iM.v. 



1M,T 



M ®ka M ®k T, 

where we should note that 7m,o is an isomorphism, since a is a free module of finite 
rank by Lemma I2.12[ Thus, to prove the proposition, it is sufficient to show that 
l®j : M ®k a ^ M ®k T is injective. By virtue of Lemma [2.371 we only have to show 
that the relative topology on a from T is equal to the rriA-adic topology. But this has 
been proved in Corollary 12.161 □ 

Proposition 2.40 Let A G Ak, and let M be an arbitrary left R-module. Suppose 
A is of the form A = T/I where T = k{{ti,t2, . . . ,tr)) ^-5 « non- commutative formal 
power series ring and I is an ideal of T that is finitely generated as a left ideal. Then 
M ®k A is flat as a right A-module. 
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Proof. From the short exact sequence of left T-modules 



> I > T > A > 0, 

we have the commutative diagram 

(M §fc T) ®T I > {M gfc T) T > (M §fc T) ®t A > 0, 



IM.I 



1M,T 



1M,A 



^ M ®k I ' M ®kT > M (S)k A > 0, 

where the both rows are exact sequences by Corollary 12.161 and Lemma 12.371 We 
already know that 7m,/ and 7m,t are isomorphisms, since / is a free module of finite 
rank by Lemma [2.12[ It follows that 7m,a '■ {M ®fc T) A ^ M A is bijective, 
which is actually an isomorphism of left R CS^ 74°^-modules. Since (M ®a: T) ®t A is 
flat as a right A-module by Proposition 12. 39^ we can conclude that M A is also fiat 
over A. □ 

Note, in general, M A is not fiat as a right A-module. 

Example 2.41 Let T = k{{x, y)) be the non-commutative formal power series ring of 
two variables and let us consider the closed ideals in T, 



/ = {xy'^x I n = 1, 2, . . .) C J = (x). 

Note that an element of I (resp. J) is a formal infinite sum cxrrix with c\ E k and 
with monomials m\ involving x at least twice (resp. once). 

Consider the mapping ip -.T / J ^ T /I defined by right multiplication by x, i.e. ip{a 
mod J) = ax mod I. Note that ip is a. well-defined homomorphism of left T-modules, 
and it is injective. 

Now let A be the residue ring T/I and consider ip to be an injective homomor- 
phism of left A-modules. Let M = ^'^i Gik be a fc-vector space of countably infinite 
dimension. Then we can show that the mapping 

{M ®k A)®^ : (M ®k A) T/J — > (M A) ®a T/I = M A 

is not injective. In fact, an element z = Xli^i ® y^xy^ G M ®fc ^ is mapped to 
V^i^) — YllZi ^« ® y^xy^x by ip, which is zero in M ®fc A. However, z never belongs to 
(M ®fc A) J, because any element of (M A) J is a finite sum of the form ^2- Ziji {zi G 
M ® A; A, ji G J) and z is never of this form. 

We can conclude from this observation that M ®k Ais not fiat as a right A-module. 
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3 Universal lifts of chain complexes 



3.1 Lifts to artinian local algebras 

In this section /c is a field and R is an associative /c-algebra. 

By a graded left i?-module F, we just mean a direct sum F = Fi where each 
Fi is a left i?-module. If F is a graded left -R-module and if j is an integer, then 
the shifted graded left _R-module F\j] is defined to be F[j]i = Fi+j for any i E Z. A 
graded homomorphism / : F — »• G of graded left -R-module is an i?-homomorphism 
with f{Fi) C Gi for any i G Z. If / : F — > G is a graded homomorphism, we denote by 
fi the restriction of / on Fi for each i. We refer to a graded homomorphism F G[j] 
graded homomorphism of degree j. 

By a chain complex of left i?-modules or simply a complex over R, we mean a pair 
F = {F, d) where F is a graded left i?-module and (i is a graded homomorphism of 
degree —1 such that dP = A complex F = (F, d) over R is described as 

■ ■ ■ > Fi^i Fi > Fi_i > ■■■ . 

We say that a complex F = (F, d) is a projective complex over R if the underlying 
graded left -R-module F is projective. 

Let F = (F, d) and G = (G, d') be chain complexes over -R. A chain homomor- 
phism / : F — * G of degree j is a graded homomorphism f : F ^ G[j] satisfying 
/ • d + {—lY'^^d' ■ / = 0. A chain isomorphism / : F — ^ G of complexes is a chain 
homomorphism of degree that is bijective. If there is a chain isomorphism between F 
and G, then we say that they are isomorphic as chain complexes over -R and we denote 
it by F = G. 

Now let F and G be projective complexes over R, and let f, g : ¥ —>■ G he chain 
homomorphisms of degree j. We say that / and g are homotopically equivalent, denoted 
by / ~ fi', if there is a graded homomorphism h : F ^ G[j + 1] such that / = 
g + {h ■ d + {—lyd' ■ h). We denote the set of all the homotopy equivalence classes 
of chain homomorphisms of degree j by Ext^"'(F,G), which is clearly equipped with 
structure of /c-vector space. 

For graded homomorphisms / : F — F[j] and fif : F ^ F[£], we define a graded 
homomorphism [/, g] : F ^ F[j + 1] by 

Note that f : F F[j] is a chain homomorphism if and only if [d, f] = 0. Also note 
that / ~ if and only if there is a graded homomorphism fif : F ^ F[j + 1] with 
f=[d,9]. 

Let : R ^ S he a. fc-algebra homomorphism and let F = (F, d) he a projective 
complex over R. In this case, we denote by (resp. ^S) the left (resp. right) 
^-module S with right (resp. left) -R-module structure through ip. Then the chain 
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complex ®_r F (resp. F ^S) of projective left (resp. right) S'-modules is defined 
to be (S^^rF, S^0Rd) (resp. {F®n^S, d®R^S)). 

Recall that we denote by Ak the category of artinian local fc-algebras A with 
A/xriA = k and /c-algebra homomorphisms. If F is a graded projective (resp. free) 
left _R-module and if A G Ak, then F 0^ A is a graded projective (resp. free) left 
R (g)k A°P-modn\e. 

Definition 3.1 Let F = {F,d) be a projective complex over R and let A G Ak- We 
say that a projective complex {F ®fc A, A) over R ®k A"^ is a lifting chain complex 
of F to A (or simply a lift of F to A) if it satisfies the equality {F ®fc A, A) CS)yi k = ¥. 

To be more general, let : A ^ B he a. morphism in Ak- A projective complex 
{F ®fe A, Ayi) over R ®fc A°p is said to be a lift of a projective complex {F (g)^. B,Ab) 
over i? ®fc E"?* if it satisfies the equality {F A, Aa) <^a {^B) = (F 0k B,Ab)- And 
a projective complex {F 0k B, Ab) over R ®fc -B"^ is said to be liftable to A if there 
is a lift of {F 0k B, Ab) to A. 

The aim of this section is to construct a universal one among those lifts of a given 
projective complex F = {F, d) over R. For this, in the rest of this paper, F = (F, d) 
always denotes a fixed projective complex over R. 

Lemma 3.2 Let A E Ak- Then, since A is of finite dimension as a k-vector space, we 
may take a k-basis {1} U {xi, . . . ,Xr} U {yj\ I < j < s} of A so that {xi . . . ,Xr} yields 
a k-basis o/m^/m^ and {yj\ I < j < s} is a k-basis of m\. 

(a) For any graded homomorphism A : F0kA F0kA[n\ of left R0k A"^ -modules, 
there uniquely exist graded homomorphisms f,gi, hj : F ^ F[n] (1 < i < r, 1 < 
j < s) of left R-modules such that 

r s 

A = f 0l + ^gi0Xi + ^hj0yj. 
i=i j=i 

(b) Let {F 0k A, A) be a lift of¥ = [F, d) to A. Then A has a description as in (a), 
where f = d and each gi : F (1 < < ''') is a chain homomorphism. 

Proof, (a) For any z G F^, we can uniquely write A(z) = zq 01 + Yl\=i Zi0 Xi + 
Yl]=i'^3 ® Vj for some ZQ,Zi,Wj G F£+„ (!<«<?", 1 < j < s)- Then, define 
/, hj : F —>■ F[n] by f{z) = Zo, gi{z) = Zi and hj{z) = wj and it is easy to see that 
they are graded homomorphisms of left /^-modules. Note that 

r s 

A{z a) = f{z) a + ^5(4(2;) Xia + ^ hj{z) yja, 

i=i j=i 

for any z a E F 0k A. 
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(b) Since d = A®^/c = A®^A/m^, we have f = d. Similarly, we have A®^/l/m^ = 
(i ® 1 + X]I=i 9i ® a^i as a graded homomorphism F ®k ^/^a ^ ^ Since 
(A ®^ A/m\y = and since {d CS) 1)^ = 0, it follows that J2l=i ^Qi ® Xi + Qid ® Xi = 
Yl\=i['^T 9i\ ® a^i = as a graded homomorphism on F ®k ^/^a- Hence we have 
[d,gi] = for alH. □ 

Corollary 3.3 Let A G Ak and suppose m\ = 0. Then, for any lift {F ®fc A, A) of 

¥ = [F, d) to A, the differentiation A is given by 

r 

A = d^ 1 + y^^gi® Xj, 

i=l 

where {xi, . . . ,Xr} is a k-basis of xxia and each gi : F ^ ^■s <^ chain homomor- 

phism {1 < i < r). 

Lemma 3.4 Let if : A ^ B be a surjective morphism in Ak and let {F ®fe B, A) be a 
lifting chain complex of¥= {F,d) to B. 

(a) Any graded homomorphism a : F ^k B F ®k B of graded R ®fc B°^ -modules is 
liftable to a graded homomorphism F^kA F^k^ of graded R^kA"^ -modules. 
That is, there is a graded homomorphism [3 : F®k^ F^k^ with 13® a ipB = a. 

(b) If a is an isomorphism in (a), then /3 is also an isomorphism. 

Proof, (a) Since F CSfc A is a left projective R (^k A°^-module, and since 1 ® : 
F ®k ^ F ®k B is a surjective homomorphism, one can find a left R (^k 
homomorphism (3 which makes the following diagram commutative. 

F®kA — ^ F®kA 



F®kB F®kB 

(b) To prove that (3 is an isomorphism, we may assume that ip : A ^ B is a. small 
extension, because any surjective morphism in Ak is a composition of a finite sequence 
of small extensions. So we may have a short exact sequence 

> k — ^ A > B > 0. 

Hence, we have a commutative diagram of left R ®/t v4°^-modules 

> F — ^ F(g)kA > F®kB > 



/3 

> F > F®kB > 0. 

Since a is an isomorphism, it is clear that so is (3. □ 
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Corollary 3.5 Let (p : A ^ B be a surjective morphism in Ak as in the lemma. 
Suppose we have two chain complexes {F B,Ai) and {F ®a; 5, A2) which are lifts 
of ¥ to B and are isomorphic to each other as chain complexes over R . If 

{F ®fc B, Ai) is liftable to A, then so is {F (g)^ B, A2). 

Proof. By the assumption, there is a graded isomorphism a : F ®k B ^ F ®k B 
such that A2 = aAia"^ Let (F ®k A, A'^) be a lift of (F ®k B, Ai) to A. By Lemma 
13.4^ a is lifted to an isomorphism (3 : F (E)k A ^ F (E)k A. Then it is easy to see that 
(F ®fc A, (3A[(3-^) is a lift of (F ®fc B, A2) to A. □ 

Lemma 3.6 Let {A',e) be a small extension of A & Ak, and let (F A, A) be a lift 
of¥ to A. Suppose that chain complexes (F ®fc Ai) and (F ®fc A', A2) are lifts of 
(F(g)fcy4, A) to A'. 

(a) Then there is a chain homomorphism h : F F[—l] such that A2 = Ai + /i® e. 
(6) The following two conditions are equivalent. 

(1) The equivalence class [h] G ExtJj(F,F) is zero. 

(2) There is an isomorphism ip : {F ®k A', Ai) — >■ (F (8>fc A2) of chain com- 
plexes over R ®k A"'^ such that ^ is the identity mapping on F ®k A. 

Proof, (a) We can take a /c-basis of ttia' containing e as a member. Then, both Ai 
and A2 have the descriptions as in Lemma 13. 2[ Since Ai (g)^/ A = A = A2 ® a' A, the 
difference A2 — Ai has a description h® e. We have to show that h is a. chain map. 
Since A^ = A| = and = 0, we have 

Q = Al = {Ai + h®ef = Ai-{h®e) + {h®e)- Ai. 

Note that Ai ■ (1 ® e) = c? ® e = (1 ® e) ■ Ai, since Ai has a description 

Ai = (i (g) 1 + ^ 5(i (g) Xj + ^ /ij ® Uj, 

i j 

as in Lemma r3. 21 and exi = x^e = so on. Therefore, we have {dh + hd) (8 e = 0, hence 
[d, h] = 0. 

(b) [(1) =^ (2)]: If [h] = 0, then there is a graded homomorphism g : F ^ F 
of degree such that h = [d,g]. Define a mapping ip : F (E)k A' — > F (g^ A' by 
(y9 = l(8)l+5f®e, which maps x^aGF®^ A' to a;®a + g{x) ® ea. Then it is easy 
to see that (p is an automorphism of a graded left R ®fc A'°^-module, and the inverse is 
given by ip~^ = 1^1 — g^e. Then, we have the following equalities. 

^~^Ai(p = (1 ® 1 e)Ai(l ® 1 e) 
= Ai + Ai((7®e)-(^®e)Ai 
= Ai + {dg(g!e- gd^e) 
= Ai + [d,g]i^e = A2 
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Therefore, satisfies the conditions in (2). 

[(2) =^ (1)]: By Lemma I3.2[ we have a description (/? = l®l+5f®e and ip~^ = 
1 1 — g e for some graded homomorphism g : F ^ F of degree 0. Hence, by the 
same computation as above, we have 

A2 = ^'^AiLp = Ai + [rf, g] ® e. 

Therefore, h = [d, g] 0. □ 

Proposition 3.7 Let 

B ^ Ai 

01 



he a diagram of a fiber product in Ak with a2 being a surjective map. 

(a) Let (fi:F®kAi-^F®k Ai[j] and (p2 : F ®k A2 ^ F ®k he graded 
homomorphisms of degree j such that ip A = V^)- Then there is 
a graded homomorphism ^ : F (E) B ^ F (E)k B[j] of degree j with $ (8)5 A j = (pi 
for i = 1,2. 

(b) Let {F^kAi, Ai) and {F®kA2, A2) he lifts of a chain complex {F^k A, A). Then 
there is a chain complex {F ®fc B,Ab) which is a lift of both of {F ®a: Ai, Ai) 
and {F ®fc A2, A2). 

(c) Let {F ®fc Ai, Ai) and [F ^k ^2, A2) he chain complexes such that there is an 
isomorphism 

{F ®fc Ai, Ai) (S)A, A = {F(g)k A2, A2) A 

of chain comlexes over R ®fc A°^. Then there is a chain complex {F ®fc B, Ab) 
which satisfies {F ®fc B, Ab) ®_b Ai = {F ®k Ai, Ai) for 2 = 1,2. 

Proof, (a) Since there is commutative diagram with exact rows 

> F0kB > {F 0k Ai) X (F 0k A2) > F0kA >k 

> F0kB[j] > {F0kAi)[j] X {F0kA2)[j] > F 0k A[j] > k, 

it induces a mapping : F 0k B ^ F 0k B[j]. 

(b) Just apply (a) to Ai and A2, and we get a graded homomorphism A^ : F0kB 
F 0k B[-l]. It is clear that A| = 0. 

(c) By definition of isomorphisms of chain complexes, there is a graded isomorphism 
a : F0kA ^ F0kAof graded R0k A°P-modules, such that Ai 0a^ A = a ■ ( A2 0a2 A) ■ 
a~^. Since 02 is surjective, there is a graded isomorphism j3 : F0kA2 — > F0kA2 which 
lifts a, by Lemma I3.4[ Put Ag = /5 ■ A2 ■ l3~^ and apply (b) to the chain complexes 
{F 0k Ai, Ai) and {F 0k A2, Ag), and we obtain a chain complex {F 0k B, Ab) which 
is a lift of the both of them. □ 
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3.2 Construction of maximal lifts 

As in the previous section, let R be an associative algebra over a field k and let 
F = (F, d) be a projective complex over R. In the rest of the paper we always assume 
that 

r = dimfc Ext^(F, F) < oo. (1) 

Under this assumption, we take chain homomorphism t* : F —* F[—l] {1 < i < r) 
whose equivalence classes {[t]], . . . , [t*]} is a fc-basis of Ext}j(F, F). We take variables 
ti, . . . ,tr corresponding to this basis, and consider the non-commutative formal power 
series ring T = k{{ti,t2, ■ ■ ■ , tr)). Now define 6 : F ^j, T/mf. F T/m^ by 

r 

6 = d^l + J2ti (2) 

i=l 

It follows from Corollary that {F ®k T/m^, S) is a lift of F to T/m^. 

Definition 3.8 Let J be a closed ideal of T. We define the complete tensor product 
of a graded projective left i?-module with T/I as follows: 

F §fc T/I := e,g^(F, §fc T/I). 

Now let J be a closed ideal of T and let {F ®k T/I, A) be a chain complex. If 
/' ^ / be another closed ideal of T, then there is a natural projection T/I ^ T/I', 
which induces, by Lemma [2. 3 7[ a surjective homomorphism 

F §fc T/I ^ F §fc T/I'. 

Thus we have a surjective homomorphism of left R ®fc (T/ J) "^-modules 

TT : (F §fc T/I) ®T/i T/I' ^ F gfc T/I'. 

Note that vr may not be an isomorphism. 

For each n > 1, A induces a graded homomorphism A„ : F ®fc {T/I + m^) 
F {T/I + m^)[— 1] and it holds that A = lim A„. Since / C I', each A„ induces a 
graded homomorphism A^ : F ®fc T/ (/' + nxy) F (E)k {T/I' + m^) [—1], and we obtain 
a graded homomorphism A' = lim A^ : F §)k T/I' ^ F §)k T/I'[—l]. By an abuse of 
notation, we denote this mapping A' by A ®t// T/I'. 

Definition 3.9 Let /i C /2 C be closed ideals of T. A chain complex (F T/Ii, Ai) 
is called a lift of a chain complex (F T/I2, A2) if A2 = Ai (^T/h T/I2. 
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Definition 3.10 Let T/I E Ak where T = k{{ti,t2, ■ ■ ■ ,tr)) is a non- commutative 
formal power series ring and / C m^. And let {F ®fc T/I, A) be any chain complex 
which is a lift of F. Now we consider the following set of lifting chain complexes of 
(F gfc T/I, A): 

J(J, A) = {{T/r, A') I J' is a closed ideal of T with T CI and 

{F ®fc T/r, A') is a lifting chain complex of (F 0k T/I, A)} 

We define an order relation on the set X(/, A) as follows: 

(T/Ji, Ai) > (T/J2, A2) ^ Ji C J2 and Ai ®t//, T//2 = A2 

Lemma 3.11 The ordered set X(/, A) is an inductively ordered set. In particular, 
there exists a maximal element X {I, A) . 

Definition 3.12 If (T/Iq, Aq) is a maximal element in X(/, A) as in the lemma, then 
we say that the chain complex {F ®fc (T/Iq), Aq) is a maximal lift of {F §)k T/I, A). 

Proof. Let {(T//a, Aa) | A G A} be a totally ordered subset of X(/, A). Note that 
J = Hasa -^a is a closed ideal of T and that lim T/ 1\ = T / J. Hence {F ®a; T/ J, A j) = 
lim ^ (-F ®fc T//a, Aa) is a lifting chain complex of (-F ®fc T/I, A). Therefore, (T/J, Aj) G 
X(7, A) and (T/J, Aj) > (T//a, Aa) for any A G A. Thus X(/, A) is an inductively 
ordered set. The existence of maximal element of X(/, A) follows from Zorn's lemma. 
□ 

We should remark the following 

Lemma 3.13 // {T/Ii, Ai) is not a maximal element in I{I,A), then there is a 
nontrivial small extension T/I2 ofT/Ii such that {T/I2, A2) G X(/, A) is strictly bigger 
than (T/Ii, Ai), for some A2 

Proof. Take a strictly bigger element {T/I[, A[ ) > {T/h, A i) in X(/, A). Since 
I'l $ h are closed ideals, there is an integer n with /( + (m^^ fl /) 7^ /i. In fact, if not, 
we will have /i C /| + m^^ for any n, because the right hand side is the closed ideal 
containing I[ + (nxy fl /). Then we shall have Ji C /( = a contradiction. 

Now, since A = T / 1[ + (m^ fl /) is a complete local /c-algebra and since the image 
Ji of /i in A is an ideal of A of finite length, we can find a closed ideal J2 of A contained 
in Ji with length( Ji/ J2) = 1. See Proposition 12.141 Taking the inverse image of J2 in 
T, we have a closed ideal I2 of T contained in Ii and length(/i/J2) = 1. Finally set 
A2 = A'^ ®T/i[ T/I2, and we easily see that (r/J2, A2) meets the requirements. □ 

The following is an easy consequence of Lemma 13.41 

Lemma 3.14 Let (p : A ^ B be a surjective morphism in Ak where KeT{(p) is of finite 
length, and let {F §)k B,A) he a lifting chain complex of¥. 
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(a) Any graded homomorphism a : F ®k B ^ F ®k B is liftahle to a graded ho- 
momorphism F A F A. That is, there is a graded homomorphism 
13 : F ®k A ^ F ®k B with /3 ®a = a. 

(6) If a is an isomorphism in [a), then (3 is also an isomorphism. 

Proof, (a) By induction on the length of Ker((y9), we may assume that A — 5 is a 
small extension. In this case, it is easily seen that the following diagram is a pull-back 
diagram of right 74-modules for any integer n which satisfies Ker((/3) fl = (0). 

A/m^+^ 
A/m\ 

where is the induced mapping by and the vertical arrows are natural projections. 
Thus the diagram 

F®kA/m\^^ F®kB/ml^^ 

Pn qn 

F®kA/ml F®kB/m% 

is a pull-back diagram of R ®fc A°P-modules. Denote by a„ the mapping a ®fc B /xn^ : 
F®kB/vn^ F®kB/vcC^. If we have an _R®fc^/tTi^-homomorphism : F®kA/xWX 
F®k-A./xvJ\ with {l®Lpn)- (3n-Pn = ^n'ttn+i " (l^'/'n+i) , then it follows that there uniquely 
exists : F^kA/ra^^ F^kA/ra^^ such that (l^ipn+i) ■ Pn+i = ■ (l®v3n+i) 
and Pn ■ Pn+i = Pn ■ Pn- Therefore, by induction, we have such for all n > 1. Then, 
setting P = \imPn, we see that /3 is a lift of the mapping a. 

(b) In the proof above, if a is an isomorphism, then each /3„ is also an isomorphism 
by Lemma 13.41 hence so is /?. □ 

Lemma 3.15 Let {F ®fe T/Iq, Aq) be a maximal lift of {F ®fc T/I, A). Then, any 
chain complex {F ®fc T/Iq, Ai) which is isomorphic to {F 0^ T/Jq, Aq) as a complex 
over R ®fe (T/Iq)"^ is also a maximal lift of {F ®a; T/I, A). 

Proof. There is a graded isomorphism a : F ®k T / Iq F ®k T/Iq with Ai = 
Q;Aoa~^. If {F ®k T/Iq., Ai) is not a maximal lift, then by Lemma 13.131 there is a 
nontrivial small extension T//2 of T//o such that (T//2, A2) > (T//o,Ai) in X(/, A). 
We can lift the isomorphism a to (3 : F ®k T / 12 F ®k T/I2 by Lemma [3.14[ Then 
it is easy to see that (T//2, (3~^A.2l3) > {T/Iq, Aq) in X(/, A), and it contradicts to the 
assumption. □ 

Lemma 3.16 Let T = k{{ti,t2, ■ . . ,tr)) be a non- commutative formal power series 
ring. 



29 



(a) For any given fi G xn^ (1 < i < r), we define a k-algebra homomorphism (p : 
T ^ T by (f(ti) = ti + fi {1 < i < r) . Then, ip is an automorphism of T such 
that it induces the identity mapping on T /m\. 

{h) Any k-algebra automorphism of T which induces the identity on T/m^ is given 
as in (a). 

(c) Let /i C /2 C he closed ideals of T and let : T/Ii ^ T/I2 be any k- 
algebra homomorphism that induces the identity on T/m^. Then there is a k- 
algebra automorphism ip : T ^ T with (p{Ii) C I2 and the induced mapping 
Tp : T / Ii ^ T /I2 equals ip. 

Proof, (a) It is obvious that (p> induces the identity on mr/my. Hence it follows from 
Lemma 12.81 that (p : T —* T is a. surjective /c-algebra homomorphism. In particular, 
every induced mapping ipn '■ T/vci^ — > T/m^ is surjective as well. Comparing the 
lengths we conclude that each ipn is bijective. Hence 9? = lim^ ipn is an automorphism. 

(b) Trivial. 

(c) By the assumption, we can choose fi G (1 < z < r) so that ip(ti (mod h)) = 
ti + fi (mod I2) (1 < ^ < Now define an automorphism (yj : T — > T by ^{ti) = 
ti + fi (1 < ^ < and it is easy to see that ip satisfies the desired condition. □ 

Now, as in the beginning of this section, we consider the lifting chain complex 
(F T/xnl, 6) with S = d®l + EI=i^* ® ti as in Equation ([2]), where t* : F ^ 
F[—l] {1 < i < r) are chain homomorphisms whose equivalence classes 
form a /c-basis of Ext)j(F, F). 

Theorem 3.17 A maximal lift of {F ®kT /va^^ 5) is unique up to k-algebra automor- 
phisms and chain isomorphisms. I.e., if we have two maximal elements (T/Jq, Aq) and 
(T//i, Ai) in X(m|.,5), then there exists a k-algebra automorphism (p : T ^ T such 
that p) induces a k-algebra isomorphism Tp : T / Iq T / Ii and {F ®fc (T/Iq), Aq) ®t//o 
^(r//i) is isomorphic to {F ®fc (T/Ji), Ai) as a complex over R {T/Ii)°p. 

Proof. (1) First of all we note from Remark 12.111 that there is an infinite de- 
scending sequence of ideals of T; Lq = D Li D L2 D L3 D ■ ■ ■ D /i such 
that length(L„/L„_|_i) = 1 for all n > 1 and T/Ii = lim T/L^. Note that each 

T/Ln+i T/Ln is a small extension in Ak- Note also that F ®fc T/Ii = \im F®kT/Ln. 

(2) By induction on n, we shall construct a /c-algebra homomorphism 

^ : r//o ^ T/Ln, 

and an automorphism of a graded R 0^ (T/L„)''^-module 

(T/L„)-.F®fc (T/LJ, 

which satisfy the following four conditions. 
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(0) (fo : T//o — * T/Lq = T/xn^ is a natural projection and ao = 1. 

(1) The following diagram is commutative: 



T/J, 







T/Ln > T/L„„i, 

where the horizontal map is a natural projection. 

{ii) 

Oin ®T/L„ (T/Ln-l) = 



[Ill 



Ao ®T/io ^{T/Ln) = an ■ (Ai ®T/h {T/Ln)) ■ 



(3) Suppose we obtain such and a„, for > satisfying the above conditions. 
Then, by {i) and {ii), we have a /c-algebra homomorphism 

^ = lim^ : T/Iq-^ T / h 
and an automorphism of graded R ®k (T/Ji)°P-modules 

a = lima„ : F ®k T / h ^ F ®k T / h. 
And it follows from {Hi) that 

Ao ®r//o ^(^/A) = « • Ai ■ (*) 
Therefore we have the isomorphism 

{F gfc (T//o), Ao) ®T//o = (F gfe (T//i), Ai), 

as a chain complex of left R ®k (T//i) "^-modules. 

Now we prove that Tp is an isomorphism. Since Tp induces the identity mapping 
on T/mf, by the condition (0), we can apply Lemma [3.161 to get a fc-algebra auto- 
morphism if : T ^ T with (p{Io) ^ and ip induces Tp : T/Iq T/Ii. Here 
supposed (p{Io) ^ h- Then we would have from (*) that {F ®fc {T/h), aAia"^) 
were liftable to {F ®k {T/Io), Aq) ®t//o 'fi{T/f{h))- This is a contradiction, be- 
cause {F ®fc (T/Ji), aAia"^) is a maximal lift by Lemma [3.151 Thus we have shown 
(p{Io) = Ii and hence Tp : T / 1^ ^ T /Ii is an isomorphism. 

In such a way, we have verified that the theorem is proved once we have ^ and a„ 
for > satisfying the conditions in (2). 
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(4) Now we shall construct ^ and a„ by induction on n. To do this, assume we 
already have ^ and satisfying the conditions in (2) for an integer n > 0. 

We take an element e G L„ which gives a socle element of T/Ln+i so that L„ = 
Ln+i + (e), and hence we have a small extension 

^ k T/Ln+i ^ T/L„ . 0. 



T such that </?„(/o) C 



By Lemma 13.161 there is a A;-algebra automorphism '■ T 
and ^ is induced from ipn- 

(5) Under the circumstances as in (4), we claim that 

On the contrary, assume that </3„(/o) ^ -^n+i- Then, since v^„(/o) C L„, we have 
Ln = Ln+i + ipn{Io)- Therefore, there is a fiber product diagram 

T / Ln+l n ipnih) ^ T/ifn{h) 



T/Ln. 



Now let (3n+i be any lift of a„ to T/L„+i, i.e. 



where is also an isomorphism of graded left R®k (T/L„_|_i)°^-modules by Lemma 
13.41 Then, the chain complexes 



and 



(F §fc T/(^„(/o), Ao®T//o ^AT/^Io)) 



are lifts of (F ®fc (T/Ln), an ■ (Ai ®t//i {T/Ln)) ■ a~^) to T / Ln+i and T/ifn{Io) re- 
spectively. And by Lemma 13.71 they are liftable to T/Ln+i H (pn{Io)- Note that 
(F ®fc (T/Iq), Aq), as well as the chain complex (**), is a maximal lift of (F, d). Hence 
it never be liftable to a nontrivial extension ring. Thus it follows that Ln+i H (fni^o) = 
ipn{Io), therefore (pn{h) ^ -^n+i as claimed above. 

(6) By the claim (5), the /c-algebra automorphism (p^ induces a map Tp^ : T/Iq —>■ 
T/Ln+i- Then, the chain complexes 

(F ®fc (T/L„+i), (3n+i ■ (Ai ^T/i, (T/Ln+i)) ■ f3-l,) 

32 



and 

(F®, (T/L„+i), Ao ®T//„ w(^/^n+i)) 
are lifts of (F 0k (T/Ln), oin ■ (Ai ®t/7i {T / Ln)) ■ a^^)- Therefore, by Lemma [3l6l 
there is a chain homomorphism h : F ^ F[—l\ with 

■ (Ai ®T/H (T/L^^i)) ■ /3-1, = Ao ®T/io + ® e. (***) 

Since the classes of tj, . . . , t* form a /c-basis of ExtJj(F, F), we may describe h as 

r 

for some Ci & k and a graded homomorphism H : F ^ F oi degree 0. Now we define 
a /c-algebra automorphism 

V^n+i -.T^T by V5„+i(ti) = V5„(ti) + 

for 1 < z < r. Then (pn+i is well-defined, because e & Ln ^ tn^. Note that, for 
1 < i, j < r, we have ipn+iiUtj) = ipniUtj) + Ci{eipn{tj) + (Pn{U)e) + CiCje^ = ipniUtj) 
(mod Ln+i). Thus, we see ipn+i{x) = (pnix) (mod Ln+i) for all x G xn^. Therefore by 
the claim (5) and by the fact that Iq C m^, we have (pn+i{Io) ^ -^n+i, hence (pn+i 
induces the fc-algebra map (pn+i '■ T/Iq ^ T/Ln+i and the diagram 

T/Io 

T/Ln+l > T/Ln, 

is commutative. 

By the definition of (pn+i, it follows that 

r 

Ao ®T//o ^{T/Ln+l) = Ao ®T//o ^(T/Ln+l) + J] t* ® Qe, 

thus we see from (***) that 

■ (Ai (T/Ln)) ■ Pnl, = Ao ®T/Io ^(T/L„+i) + [d, H]. 

Now define, as in the proof of Lemma [3 .4^ an automorpshim by 

an+i = {1- H ®e) ■ Pn+i- 

Then we have that 

On+i ■ (Ai 0T/h {T/Ln)) ■ anil = Aq ®t//o ^;iTr(^/^n+i ) > 

and also 

Therefore, we have obtained (fn+i and satisfing the conditions (i), (ii) and (^m), 
and the proof is completed by induction. □ 
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3.3 Universal lifts 

As in the previous section, let F = [F, d) be a projective complex over R that satisfies 
the fundamental assumption 

r = dimfc Ext^(F,F) < oo. 

We define a functor : Ak ^ (Sets) as follows: For any A E At, set 

= {{F (S)k A, A) I it is a lifting chain complex of ¥ to A} / =, 

where = denotes the isomorphism as chain complexes over R ®a; A°^. If f : A ^ B is 
a morphism in Ak, then we define a mapping J^{f) : J^{A) ^{B) by 

A)) = (F®feA A)®A fB. 

Note that JF is a covariant functor. 

Definition 3.18 Let P G Ak and let L = (F ®fc -P, A) be a lifting chain complex of 
F to P. 

(a) We define a morphism between functors on Ak ', 

0L : Homfc_aig(P, ) JF, 

by 

= (F §fc P, A) ®p fA 
for / e Homfc_aig(P, A) with A e ^fc. 

(6) We say that the chain complex L is a universal lift of F if the morphism 0l 
is an isomorphism. Thus, in this case, the functor JF on the category Ak is pro- 
representable by P G Ak- If L = (P ®fe P, A) is a universal lift of F, then P is 
called a parameter algebra of the universal lift of F. 

Lemma 3.19 If there is a universal lift of F, then any parameter algebras of any 
universal lifts are isomorphic each other as k-algebras. 

Proof. In fact, if Pi and P2 are such parameter algebras, then we have an isomor- 
phism Homfc_aig(Pi, ) = IIomfc_aig(P2, ) as functors on Ak- Then, it is easy to see 
that there are isomorphisms Pi/nXp^ = P2/vcC^^ as fc-algebras for any n > 1, which are 
compatible with the projections Pi/vcC^^ — >• Pi/rrip^ and P2/vcC^^ P2/mp^- Hence 
Pi ^ P2- □ 

Theorem 3.20 The following two conditions are equivalent for a lifting chain complex 
Lo = (P ®fc Po, Ao) o/F where Pq = T/Jq G Ak with Jo C m|. 
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(a) Lq is a universal lift of¥= {F, d) . 

(b) Lq is a maximal lift of {F ®fc T/xxi^, 6) . 

In particular, there always exists a universal lift of¥, and it is unique up to k-algebra 
automorphisms and chain isomorphisms. 

Proof, [(b) =^ (a)] : Let Lq be a maximal lift of (F 0k T/xn'^,S). To simplify the 
notation we write 0Lo ^is 0. We would like to prove that 

<P{A) : Homfc.,ig(Po,^)-^(^) 

is a bijection for any A G Ak- We prove this by induction on the length of A. If 
length(74) = 1, then A = k and (f){k) is clealy bijective. 

[The surjectivity of 0(A)]: Take a socle element e G A, and we have a small extension 

^ k — ^ A A ^ 

where A = A/(e). By the induction hypothesis, (f){A) is bijective. 

Homfc.aig(Po,A) ^ HA) 

Hom,.,ig(Po,^) ^ -F(A) 

To prove the surjectivity of 0(A), let {F ®fc A, A) be any element of J-'{A). Since 4>{A) 
is surjective, there is g ^ Homfc_aig(Po7 A) such that 

(F ®fc A, A) ®^ ,Z ^ (F gfc Po, Ao) ®Po 9^- 

Hence, it follows from Lemma 13.41 that there is an isomorphism of graded modules 
a : F ®k A ^ F ®k A such that 

(P 0k A, aAa^^) ®a nA = (P ®k Po, Aq) gA 
Now taking the fiber product 



9 

A A, 

we see from the above equality that the complex (P ®fc Pq, Aq) ®P(, gA is liftable to 
A, and it follows from Proposition 13 . 71 that the chain complex (P ®fc Pq, Aq) is liftable 
to P. If the extension P — > Pq is nontrivial, then it contradicts to that (P ®fc Pq, Aq) 
is a maximal lift. Hence P — Pq is a trivial small extension, and P — > Pq has a 
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right inverse in Ak- In particular, the /c-algebra map g : Pq ^ A can be lifted to the 
/c-algebra map f : Pq ^ A, i.e. n ■ f = g. Then, note that both (F ®fc A, Aq ®Po /^) 
and {F ®fc A, aAa""*^) are lifts of [F ®fc A, Aq ^A). Hence, by Lemma TS. 6 1 we have 

Ao ®Po fA = aAa"^ + ® e 

for some chain homomorphism h : F ^ -^[^1] of degree —1. Then we may write 

r 
i=l 

as an element of Ext}j(F, F). Now define a /c-algebra map : T — > yl by 

^(t.) = /(^i) - Cie {l<i<r). 

It can be easily verified that (p{titj) = fititj) for any Since /q C m|., we have 
^(/q) = /(/o) = 0, thus if induces the /c-algebra map (p : Pq ^ A and (/9|m2 = /|^2 . 
Then, by the choice of ip, we see that 

r r 

Ao ®Po = Ao ®Po - X] ® ^ = aAa"^ + - X] ® ^■ 

i=l i=l 

Thus it follows from Lemma 13.61 (b) that 

(F Po, Ao) ®Po ^ (F ®fc A, aAa-i) ^ (F ®fe A, A). 

This proves the surjectivity of (f){A). 

[The injectivity of 0(^1)]: Let (fi,(f2 be fc-algebra homomorphisms Po ""^ ^ with 
(F ®k -Po, Ao) ®Po ^^A = (F ®fc -Po, Ao) ®Po <^2^. We want to show ipi = (p2- Take a 
socle element e G A and we consider the small extension 

> k — ^ A — ^ A > 0. 

Then, by the induction hypothesis, we have n ■ ipi = it ■ ip2- Now consider the mapping 
ip = ifi — if2'-Po^A, and we see that the image of ip is contained in ke. Note 
that ip{l) = and that ip{xy) = ipi{x)ip{y) — ilj{x)^2{y) = if x, ?/ G mp(,, since 
mp(,e = empg = 0. Therefore %lj{xv?p^) = 0, and we have (filmj, = f2\mj, ■ Since 
(pi = (P2 + 'ip, it follows 

r 

Ao ®Po = Ao ®Po + XI ® ^(^*)- 

i=l 

Denoting ip{ti) = Cie with q G A; for 1 < i < r, we have the equality 

r 

Ao ®Po i^iA = Ao ®Po <^2^ + X Qt* (g) e. 
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Then it follows from Lemma [3.6( b) that X]I=i'^«[^i] = as an element of Ext}j(F,F). 
Since {[t^], . . . , [t*]} is a /c-basis of ExtJj(F, F), we have Cj = for all i, hence ip = 0. 

[(a) =^ (b)] : Suppose that Lq = {F ®fc Pq, Aq) is a universal lift of F. Take any 
maximal lift {F T/Ii, Ai) of {F (E)k T/m^, 6), and since it is a universal lift by the 
implication (b) =^ (a), Lemma F3. 191 forces Pq to be isomorphic to T/Ii. Thus we may 
assume that Pq = T/Ii. Lemma 13.111 implies that we can take a maximal element 
(J2, A2) in X(/i, Aq), which is in fact a maximal lift of {F ®k T/m|^,(5). Then, again 
by the implication (b) =^ (a), {F 0^ T//2, A2) is also a universal lift of F, and hence 
T/I2 is isomorphic to T/Ii by Lemma F3.19[ Since I2 C J^^, the following lemma forces 
I2 = h- This implies that {F Pq,Aq) = {F ®fe 7'//2, A2), which is a maximal lift 
as desired. □ 

Lemma 3.21 Let T be a non- commutative formal power series ring, and let I2 C 
he closed ideals ofT. Suppose T/Ii is isomorphic to T/I2 as a k-algebra. Then Ii = l2- 

Proof. The isomorphism T/Ii = T/I2 induces isomorphisms T/Ji + m^^ = T//2 + m^ 
for any integer n. Since /2 + m^ C +m^, comparing the lengths, we have the equality 
l2 + m^ = Ii+ mJ^ for each n. Thus h = fin ^2 + m?; = n„ h + = h- □ 

3.4 Every complete local algebra is a parameter algebra 

Lemma 3.22 Let A' ^ A be a surjective morphism in Ak- Suppose the following two 
conditions hold. 

(a) L = (F A, A) is a left R ®k A°P-free resolution of a left R ®k A°^ -module M, 
and is a lift of a free complex F = (F, d) over R. 

(6) There is a left R ®fc A' -module M' such that M' is flat as a right A' -module and 
M' ®A' A = M as left R ®k A^^ -modules. 

Then there is a lifting chain complexU = [F^kA', A') o/L that is a left R®k A'°^ -free 
resolution of M' . 

Proof. We may write A = A' /I' where /' is an ideal of A'. Take a set of generators 
{xx\ X e A} of M as a left R ^k v4°P-module. Since M = M'/MT as R 0k 
modules, we can take a subset A G A} of M' that is an inverse image of {x\\. 
Then the equality M' = R{x'y^A' + MT holds. Since /' is a nilpotent ideal, we have 
M' = R{x'^}A'. 

By this argument we can show that every surjective homomorphism Fq ®k A ^ M 
of left R A°P-modules can be lifted to a surjective homomorphism Fq (8>fc A' M' 
of left R ®k A'^^-modules. Now take the kernels of these surjective maps and we have 
exact sequences 

^ Ml > FQ®kA > M > 0, 

> M[ > FQ®kA' > M' ^ 0. 



37 



Notice that M[ is fiat as a riglit A'-moduIe, since Fq ®k ^' and M' are flat. Thus the 
isomorphism M' ®a' A = M implies M[ A = Mi. Then by the same manner as 
above, the surjective homomorphism Fi (8)^ A — > Mi is liftable to a surjective homo- 
morphism Fi ®fc A' — M[. In such a way, by induction, we can construct a chain 
complex with the underlying graded module F (^k A', which is a lift of {F ®fc A, A). □ 

Theorem 3.23 Let R be a complete local k-algehm, i.e. R G Ak, and let F = {F,d) 
he a left R-free resolution of the residue field k = R/m^. Then there is a univer- 
sal lift of F that is an acyclic complex of the form {F ®fc -R, A) with the homology 
Hq{F ®k R, A) = R. In particular, R is the parameter algebra of the universal lift of 
F. 

Proof. Note that the obvious exact sequence — > ttir R ^ k ^ implies 

Ext^(F,F) = Ext]i{k, k) = Homfc(mR/m^, k). 

Thus if we denote R = T/I where T = k{{ti,t2, . . . , tr)) and / C m^, we can take the 
dual bais {tj, . . . , t*} as a basis of Ext}j(F, F). Set 5 = d ® 1 + Yll=i '^i ® we 
see that (F 0^ T/m^, 6) is a lift of F as in the beginning of Section 3.2. By the exact 
sequence of chain complexes 

^ (F^kmr/v^^ d0l) ^ (F ®fc T/mf,, S) ^ {F,d) ^ 0, 

and by the acyclicity of {F,d), we easily see that {F CSfc T/xn^, 6) is acyclic as well, 
and Ho{F ®k T/xn^, 5) = T/m^ = R/m% as an R ®k (i^/mD^^'-module. 

Starting from A2 = 6, and using Lemma \3.22\ we can inductively construct a 
sequence of chain complexes (F ®k R/vcC}j, A„) for n > 2 satisfying the equalities 
(F®,i?/m^+\ A„+i)®^/„„+i/2/m^ = (F®,i?/m^, A„) ^md H^iF ®kR/m% A„) = 

R/m^. Now let A = limA„, and we have a lifting chain complex (F ®fc R, A) of 
(F®fcT/m2., 6). ^ ^ 

First, we claim that (F ®fc R, A) is acyclic and Hq{F ®k R, A) = R as an 
R ®fc i?°P-module. For this, let fij, be the kernel of An,i : Fi 0k R/'^r ^ i^i-i ®k R/vo^r 
for any n, 2 > where we understand that = R/m^. By the proof of Lemma [3.221 
we have a commutative diagram with exact rows 

> fi^+i ^ F, ®, i?/m^+^ . . 

> > Fi ®fc i?/m?j . > 0, 

where the vertical arrows are surjective. This implies the exact sequence 
> limQl > Fi ®fc R > limQi^^ > 0, 
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and hence the complex (F ®a: -R, A) is acychc and Hq{F ®fc R, A) = lim_R/m^ = R 
as desired. 

Now we prove that {F (§)k R, A) is a maximal lift of {F ®a: R/xa^, 6). Suppose 
that it is not a maximal lift. Then there will be a nontrivial small extension 

> k — ^ R' R > 0, 

of R so that the complex {F ®fe R, A) is liftable to a chain complex {F CSfc R', A'). 
The exact sequence 

> (F, d) (F §fc i?', A') > (F §fc i?, A) > 

forces (F ®fc R', A') to be acyclic as well, and taking the homologies we have an exact 
sequence 

> k H'^ R > 0, 

where H'q = Hq{F (8)^ R', A') and vr is a homomorphism of R ®k -R'°^-modules. Take 
an element Xq G Hq with 7r(xo) = 1, and obviously we have H'q = xqR! + ifg^. Since 
= 0, it follows that iJg = XqR' . 

We claim that Hq is a free module as a right i?'-module. To prove this, assume 
xoa' = for a' G i?', and we want to show a' = 0. Suppose a' ^ 0. Since = 
7r(xoa') = ■ a' = p(a'), we see a' G e/c, hence a' = ec for some c 7^ G fc. Then 
we have x^e = 0, and the right i?'-module Hq = xqR' is in fact a right i?-module. 
Hence ^ k ^ H^ ^ R is a.n exact sequence of right -R-modules. Therefore the 
sequence splits and Hq = k (B R as a. right R- (hence i?'-)module. This contradicts that 
Hq is generated by a single element as a right i?'-module. 

Now we have shown Hq is a free right i?'-module. Since Hq is a left -R-module as well, 
for any a E R, we find a unique element a' G R' with a ■ a;o = ■ a'. Now define a map 
f : R ^ R' by f{a) = a'. Since (a6)xo = a{xof{b)) = {axo)f{b) = xo{f (a) f (b)) , we 
can see that / is a /c-algebra homomorphism. Since we have an equality a = 7r(axo) = 
7r(xo/(a)) = 1r ■ f{a) = p{f{a)) for any a G -R, we see p ■ f = 1. This contradicts that 
(i?', e) is a nontrivial extension, and the proof is completed. □ 

Remark 3.24 If i? is left noetherian, then we can take as each Fj a finitely generated 
left i?-free module, and Fj ®fc i? is a left R ®fc i?°^'-free module. In this case the acyclic 
complex (F ®fc R, A) in the theorem is a free resolution of i? as a left R R°^- 
module. However, in general, notice that (F (8)^ R, A) may not be a free complex of 
left R ®fc i^^^'-modules. 

3.5 Deformation of modules 

Let -R be a fc-algebra as before. In this section, we consider the case where the complex 
F = (F, d) is a free resolution of a left i?-module M. Of course, in this setting, we have 



39 



the equality Ext}j(M, M) = Ext^(F,F) and it is assumed to be of finite dimension as 
before. 

For any A G Ak, a left R ®fc A^^-module X is said to be a fiat deformation of 
M along A if X is a fiat module as a right A-module, and there is an isomorphism 
X k = M a.s left i?-modules. And two fiat deformations X and y of M along A 
are said to be isomorphic if they are isomorphic as R ^"^-modules. We consider the 
following two functors Ak {Sets): 

J^{A) = the set of isomorphism classes of lifting chain complexes of F, 
J^m{A) = the set of isomorphism classes of fiat deformations of M. 

Theorem 3.25 We have an isomorphism T = os functors on Ak- In particular, 
the functor Tu is pro-representable as is T , i.e. there is an isomorphism Tu — 
B.omk-aig{Po, ) of functors on Ak, where Pq is the parameter algebra of the universal 
lift of¥. 

Proof. Let A e Ak and let {F®k A, A) be a lift of F to A. Notice that, by induction 
on the length of A, one can easily prove that {F ®fc A, A) is acyclic, as F is acyclic. 
Therefore it gives a left R0kA°P-hee resolution of Ho{F0kA, A). Since {F®kA A) ®a 
= F is acyclic, we have Torf {Ho{F ®kA, A), k) = ioi i > 0. Since A is an artinian 
local algebra, this implies that Hq{F ®a: A, A) is fiat as a right A-module. We should 
note that Ho{F<^kA, A)®^^ = Ho(¥) = M. Hence Ho{F®kA A) is a fiat deformation 
of M along A. Thus we obtain a well-defined mapping Hq : J-" (A) — s> J^m{A by talcing 
the 0-th homology. It is trivial that the map is injective, and Lemma F3.22I implies it is 
surjective. □ 
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4 Properties of parameter algebras 



4.1 Obstruction maps 

As before F = (F, d) is a projective complex over a /c-algebra R. Let P G Ak and 
let L = (F ®A; -P, A) be a lift of F to P, which we fix in this section. We aim at 
constructing the obstruction map 

aL:T(P)^Ext^(F,F), 

which will enable us to compare the cohomology modules between P and R. 

4.1 [To define aj: 

Now, suppose we are given a class of small extension [P', e] G T{P). Lemma [3.141 
forces A : P §fc P ^ P §fc P[-l] to be lifted to A' : P ®k P' ^ F %k P'[-^- Note 
that A' is just a lift as a graded homomorphism, and it may not holds that A'^ = 0. 
Recall from Lemma 12.371 that we then have a commutative diagram of graded left 
R ®k P'°^-modules with exact rows 











P 

d 

P[-l] 



l(g)e 



P ®k P' 
A' 

P ®k P'[-l] 



l®7r 



P ®k P 
A 







P ®k P[-i] ^ 0. 



Since = and A^ = 0, we have the following commutative diagram. 







P[-2] 



kP' 



P'[-2] 



P ®fc P 





. P[-2] 







By chasing the diagram, we see that there is a graded left P-module homomorphism 
(J : P — » P[— 2] with A'^ = cr ® e, i.e. A'^(^x ® a) = ® formal 

infinite sum ^ x ® a G P ®a; P'- 
First we claim that 

(i) (T : P ^ -P[~2] is a chain map. 

In fact, it holds that 



a ■ dt 



[a 



e)A' = A'^ = A'(a 



d ■ a 



hence it follows that [c?, a] = d ■ a — a ■ (i = 0. Thus the graded homomorphism a is a 
chain map of degree —2, therefore it defines an element [a] G Ext^(F, F). 
Next we claim that 
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(ii) the class [a] does not depend on a choice of a hfting map A'. 

In fact, if A' and A" are two hfting maps of A, then we have a commutative diagram 











F 



F[-l] 



l(gie 



F®k P' 

A'-A" 

F ®u P'[-l\ 



l®7r 





' ®u P\-l\ 







0, 



from which we can see the existence of graded homomorphism r : F -^[—1] with 
A' — A" = r ® e. Then, we have an equahty 

A'' = (A" + T®ef = A"' + {dr + rd) ® e, 

hence, setting A'^ = a' ®e and A"^ = cr"®e, we have a' — a" = dr + rd, i.e. [a'] = [c"]. 
Now we can define a mapping 

«L:T(P)^Ext^(F,F) 

by sending [P',e] to the class [a]. 

By (i) and (ii) above, is a well-defined mapping. Furthermore, we can show the 
following. 

Lemma 4.2 The mapping : T{P) Ext^(F,F) is k-linear. 
Proof. To prove the equality 

aL(ci[Pi,ei] + C2[P2,e2]) = CiaL([Pi, ei]) + C2aL([i'2, £2]) 
for Ci E k and [Pi, ej] G T{P) {i = 1,2), let us consider the pull-back diagram 

F §k {Pi XpPs) > F ®fc Pi 



F ®fc P2 



F ®k P. 



and take lifting graded homomorphisms Ai : F ®k Pi ^ F ®k Pi[~^ of A for z = 1, 2. 
We may assume that Q 7^ for i = 1,2. Since there is a commutative diagram with 
exact rows by Lemma 12.371 ; 



F gfe (Pi xpPs) 

F gfc (Pi XpP2)[-l] 



(P ®fe Pi) © (P ®fc P2) 

(Ai,A2) 

PgfcPl[-l]©PgfcP2[-l] 



P P 
A 

P ifc P[-i] 
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there is a naturally induced mapping A : F 0^ (Pi Xp P2) — F ®fc (-Pi Xp P2)[— 1] 
which is a lifting map of both of Ai and A2. Let us take a chain homomorphism 
(Tj of F so that Af = ctj (8> for i = 1,2. Then it can be seen that A^ = ai 
(ei, 0) + (T2 ® (0, €2). Recalling the definition of the sum [Q, e] = ci[Pi, ei] + C2[P2, 62], 
we have Q = Pi Xp P2/(c7^ei, — c^^e2) and e is the class of (q^ei,0). Thus, setting 
A' = A®pjxpP2 Q, we have the mapping A' : P ®a: Q — ^ P ®fc which is a lifting 

map of A to Q, and we easily see that A'^ = (ciUi + C2cr2) ® e. Consequently, we have 
ai^{[Q,e]) = Ci[(Ti] + C2[a-2] = CiaL([^i, ei]) + C2aL([p2, £2])- ^ 

Lemma 4.3 Let / : Pi ^ P2 &e a k-algebra map in Ak, and let L2 = (P ®fe P2, A2) 



be a lift of F to P2. Suppose there exists a lift Li = (P 
Li CSpi /P2 = IL2. T/ien there is a commutative diagram 



Pi, Ai) 0/L2 to Pi, ^.e. 



nP2) 



T(Pi 



Ext|j(F,F). 



Proof. Set [Pi',ei] = /*([P2,e2]) for [P2,e2] e T(P2). From the definition, there is a 
pull-back diagram 











k 



Pi 



f 



- Pi 
f 
P2 







0. 



Let A'l be any lift of Ai onto P ®k Pi- Then A'2 := A'l ®p/ f,P^ is a lift of A2 = 
Ai ®p^ /P2 onto P ®fc P2'. Now write A'l = a ® ei so that aLi([A'> ^i]) = M- Then, 
we have A'2 = A'l /'P2' = a ® €2, hence aL2([-f2)f]) = M- This shows that 

"La = "Li ■ /*• n 

Theorem 4.4 Let Lq = (P ®a: -Poj^o) i/ie universal lift o/F = (P, c?) wt/i param- 
eter algebra Pq. Then, the k-linear mapping 



Ext^(F,F) 



is an injection. 



Proof. Let [Pi,ei] G P(Po) be a nontrivial small extension. We only have to show 
«Lo([-fi) ^i]) 7^ 0. Suppose aLo([-Pi! ^i]) = 0. Then, for any lifting map Ai : P Pi — > 
P ®fc Pi[— 1] of Aq to Pi, we have Ai = a ^ ei, where a = [d,h] for some graded 
homomorphism h : P P[— 1]. Now putting A'l = Ai — /i (g) ei, one can see that 
= Af — [d,h] ® ei =0. Therefore, (P ®fe Pi, A'^^) is a lifting chain complex of 
(P ®fc Po, Ao). This is a contradiction, because (P ®fe Pq, Aq) is a maximal lift. See 
Theorems:^ □ 
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Corollary 4.5 Suppose Ext^(F, F) = 0. Then the parameter algebra Pq of the univer- 
sal lift of¥ is isomorphic to the non- commutative formal power series ring k{{ti, t2, ■ ■ ■ ,tr 

Proof. Under the assumption, we have T{Pq) = by Theorem 14.41 Therefore if 
we describe Pq = T/Iq where T is a formal power series ring and / C vri^ is a closed 
ideal, then Proposition 12.321 forces B.omcon{I , k) = 0. Thus we only have to show the 
following lemma. □ 

Lemma 4.6 Let I be a closed ideal of a non- commutative formal power series ring T. 
If }lomcon{I , k) = 0, then 1 = 0. 

Proof. Suppose 1^0. Then, by Corollary 12. 191 we have / ^ mxl + Ivar- Therefore, 
/ 7^ mxl + IvaT + (m^ fl /) for a large integer n. Since Homcon(-^, k) contains every 
/c-linear map I/vxtI + Irar + (tn^ fl /) — fc, we have Roniconil, k) 0. □ 

This corollary can be generalized to the following theorem. 

Theorem 4.7 Let Pq = T/Iq be the parameter algebra of the universal lift of ¥ = 
{F, d), where T is a non- commutative formal power series ring and Iq C is a closed 
ideal. Suppose i = dimfcExt^(F, F) is finite. Then, the ideal Iq is analytically generated 
by at most i elements. 

Proof. Combining Theorems 12.321 and 14.41 we have an injective /c-linear map 
Homconilo, k) — > Ext^(F, F). In particular, }ioracon{Io, k) is a /c-vector space of fi- 
nite dimension. Since we have the equality B.omcon{h, k) = IJ^j^ Homfc(Jo/mT/o + 
IoXXIt + (m^ n /), k) by definition, there is an integer uq such that B.omcon{Io, k) = 
Homfc(/o/mr/o + h^T + (th^ H /), k) for n > uq. Hence we have the equalities 

vxtIo + Iq^t + i'^T n /) = my Jo + lomr + (m^"^"'^ fl /) = ■■■ = mxlo + /qITIt- 

Thus it follows that Homcon(-^0! k) = Homfc(/o/mT/o + lovax, k). Since this is of dimen- 
sion at most we have dimfc(Jo/mT/o + Iq^t) < ^- Therefore, by virtue of Proposition 
12.181 Jo is analytically generated by at most £ elements. □ 

4.2 Universal lifts based on commutative algebras 

Remark 4.8 Let T = k{{ti,t2, . . . ,tr)) be a non-commutative formal power series 
ring. We denote by C the commutator ideal which is a two-sided ideal generated by 
the commutators titj — tjti {1 < i < j < r), i.e. 

C = {{titj - tjti I 1 < ^ < j < r}) . 

Note that C is not a closed ideal if r > 2. It is however easy to see that T/C is 
isomorphic to the commutative formal power series ring k[[ti, . . . ,tr]]. 
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Remark 4.9 Let I be an ideal of T that contains C. Then, / is a closed ideal and there 
are a finite number of elements /i, . . . , G / with the equality / = {fi, . . . , fi) + C. 

In fact, it is well known that any ideal of T/C = k[[ti, . . . ,tr]] is closed. Since the 
natural projection n : T —>■ T/C is continuous, / = 7r~^(//C) is closed as well. Since 
T/C is noetherian, we can find finite elements fi, . . . , fi which generate the ideal I/C. 
Then we have the equality / = {fi, . . . , fi) + C. 

Recall from Section 3.3 that JF : Ak —>■ {Sets) is a covariant functor such that 
J^{A) is the set of isomorphism classes of lifting chain complexes of F to A, for any 
A G Ak- We consider here the restriction of JF to commutative artinian algebras. For 
this end, we denote by Ck the category of commutative artinian local fc-algebras A with 
A/mA = k and fc-algebra homomorphisms. Note that Ck is a full subcategory of Ak- 

Theorem 4.10 Let Lq = {F (8)^ Pq^Aq) be the universal lift of¥ with parameter al- 
gebra Pq = T/Iq where T is a non- commutative formal power series ring and I C m^. 
We set Qq = T/Iq + C which is a commutative noetherian complete local k-algebra. 
Then, the restricted functor J^\c^. : Ck — > {Sets) is pro -represented by Qq, i.e. there is 
an isomorphism T\c^ = 'H.omk-aig{Qo, ) as functors on Ck. 

Proof. Note that if A G C^, then Homfc_aig(Po, ^) = HomA,._aig(Qo, The theorem 
follows from this observation. □ 

Definition 4.11 We call Qq in the theorem a commutative parameter algebra 
of the universal lift of F. And we call Lq ®Po the universal lift of F based on 
commutative parameter algebra. 

Remark 4.12 If F is a projective resolution of a left i?-module M, then the universal 
lift of F based on commutative parameter algebra is nothing but the universal de- 
formation of M whose existence is mentioned in Theorem II. 1[ (See also Proposition 
1251) 

The commutative parameter algebra Qq is of the form /c[[ti, . . . ,t,.]]/a where a = 
h + C/C<ZT/C = k[[t^,...M- 

Proposition 4.13 Let Qq = k[[ti, . . . ,tr]]/ci be a commutative parameter algebra of 
the universal lift of F. Then, the minimal number of generators of a is at most 
dimfcExt^(F,F). 

Proof. It suffices to argue when i = Ext^(F, F) is finite. Then, by Theorem 14.71 
there are /i, . . . , G Iq satisfying the equality Iq = {fi, . . . , fi). Thus, by virtue of 
Remark 14.91 we have the equalities 

/o + C = 7oTc = C + (/i,...,/,) = C + (/i,...,/,). 

Therefore a = Iq + C / C is generated by the images of /i, in T/C = k[[ti, . . . , tr]]- 
□ 
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4.3 Yoneda products 

Let F = {F, d) be a projective complex over R with r = dimfcExt)j(F,F) beine; finite 
as before. Tlien, as in tlie beginning of Section 3.2, we may consider the hfting chain 
complex L = (F ®k T/mf.,(5) with 5 = d^l + Y^^^^t* ®ti, where T = k{{ti,t2, . . . ,tr)) 
is a non-commutative formal power series ring and tl, . . . ,t* are chain homomorphisms 
which form a fc-basis of Ext)j(F, F). Since L is a lift of F, we have the /c-linear map 

«L : T{T/v4) Ext^(F,F). 

by I4.1[ See also Lemma [4. 2[ 

Note that ExtR(F,F) = 0^^_^ Ext^(F, F) is an algebra, called Yoneda algebra, 
whose multiplication is given by Yoneda product. In fact, if / : F ^ -P[~^] ^'^^ 
g : F —>■ F[—j] are chain homomorphisms of degree —i and —j respectively, then the 
composite f ■ g : F —>■ F[—i — j] is a chain homomorphism of degree —i — j, and the 
product in Ext^(F,F) is given by [f][g] = [f ■ g]- In the following lemma, Ext)j(F,F)^ 
denotes the fc-subspace of Ext^(F,F) generated by all the products of two elements in 
Ext^(F,F). 

Lemma 4.14 Under the circumstances above, the image o/ol is exac% Ext^(F,F)2, 
I.e., aL(r(r/m2.)) = Ext^(F,F)2. 

Proof. Recall from Proposition 12.321 that there is an isomorphism of /c- vector spaces 
r : Homfc(mf,/m|, /c) = Uomconivci^, k) T(T/m|). Suppose r(/) = [T/I,e] for 
/ 7^ G Homfc(m|^/mj., /c). Then, by definition of r, we have /(e) = 1 and / is the 
kernel of the composition mapping xn^ — >• mf./m^ with / : m|/m|. — >■ k. Note, in this 
case, that T/I has {l,ti, . . . ,tr, e} as a /c-basis, where ti denotes the image of ti in 
T/L Also note that if we denotes fititj) = Cij G k, then / is completely determined 
by these Cj/s. 

We can take the following map A as a lifting graded homomorphism of 5 on F (B)k 
T/L 

r 

A = rf®l + J^t*®t; + 0®e. 

i=l 

Then, we have = X]ij=i^i^j ® ^i^j- Since titj = f{titj)e = Cije, it follows that 
— Xli j=i Cij^i ® e- Therefore, from the definition of q;l, we see q;l([T/J, e]) = 
Xli j=i which is in fact an element of Ext^(F,F)^. Since we can take any 

elements of k as Cij, the image of is exactly Ext^(F, F)^. □ 

Theorem 4.15 Let Lq = {F (S)k -Poj^o) be the universal lift o/F with the parameter 
algebra Pq = T/Iq, where T = k{{ti,t2, . . . ,tr)) is a non- commutative formal power 
series ring and Iq C m^. Then the image of the injective map : ^(-Po) ~^ Ext^(F, F) 
contains Ext^(F, F)^. And there is an isomorphism of k-vector spaces 

Ext)j(F, ¥f = Homfc(/o//o n m|,, k). 
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Proof. Let L be the lifting chain complex (F (g)^ T/m|, 6) of F, where 6 = d (g) 1 + 
Yll=iti ® ti as above. And let Lq = {F ®k T/Iq, Aq) be the universal lift of F. We 
denote by q the natural injection Iq and by p the projection T/Iq T/m^. 

Combining all the results in 12.321 14.31 and 14.141 we have the following commutative 
diagram. 

Hom,o„(m^,A;) — ^ T{T/xx^) Ext]j(F,F)2 



(3) 



Hom,„„(Jo,A;) r(T//o) Ext?j(F,F) 



where t is a natural injection. Note from Theorem 14.41 and Lemma 14.141 that is 
injective, and is surjective. Therefore q;lo('^(-Po)) contains Ext)j(F,F)^ and we have 
an isomorphism of /c-vector spaces 

q*{Eom,on{v4,k)) = Ext}j(F,F)2. 

Note that Homcon(tTi^, k) = Homfc(mf,/m|,, k). Hence we may describe as follows: 

Ker(g*) = {f E Homfc(m2./m3., k) \ /(/q + mf, /m^ ) = 0} 
= Homfc(my//o + m^, k). 

Thus, from the obvious exact sequence 

> lo/Iodm^ > m^/m^ > m|,//o + m|. > 0, 

we finally have 

Ext^(F, F)2 ^ g*(Homeo„(m?., k)) 

= HomA;(m|./mj., k)/Romk{m^/Io + m|., k) 

^ Homfc(/o//onm3,,A;). □ 

Note in the theorem that Iq/IqCi mi^ is a finite dimensional /c-vector space, since it 
is a subspace of rriy/mf,. As a direct consequence of the theorem we have the following 
corollary. 

Corollary 4.16 Let Pq = T/Iq be the parameter algebra of the universal lift of¥, where 
T = k{{ti,t2, ■ ■ ■ ,tr)) is a non- commutative formal power series ring and Iq C m^. 
Then, Iq C m| if and only Ext]j(F, F)^ = 0. 

Proposition 4.17 Let Lq = {F ®fc Pq, Aq) be the universal lift o/F with the parameter 
algebra Pq = T/Iq, where T = k{{ti,t2, . . . ,tr)) is a non-commutative formal power 
series ring and Iq C mf.. Then the following two conditions are equivalent. 

(a) The image of the mapping 

: r(Po) ^ Ext^(F,F) IS exactly Ext)j(F,F)2. 
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(b) There exist elements /i, . . . , G /q which analytically generate the ideal Iq such 
that they give rise to linearly independent elements in m^/rn^. 

Proof. By the commutative diagram [3] in the proof of Theorem 14.151 we see that 
the condition (a) is equivalent to that the /c-hnear mapping q* : Homcon(tn^, k) —> 
B.omcon{h, k) is surjective, where q : Iq xn^ is a natural injection. 

To prove the implication (a) =^ (b), suppose q* is surjective. Since Homcon(iTif., k) = 
Homfc(mT/tn|., k) is a finite dimensional fc- vector space, so is 

Homcon(/o, ^) = U Homfc(/o/mT/o + /o^t + (^o n m^), k). 

n>l 

Hence there is an integer Uq > 1 such that 

ttit/o + loViiT + (/o n m^°) = xutIo + -^oTTIt + (/o n m^""^^) = ■ ■ ■ = xutIo + IqV^It- 

Therefore q* induces a surjective mapping Homfc(mf,/m|,, k) Homfc(/o/mr/o + lovax, k), 
hence the natural mapping /o/ttit/o + h'^^T mf./mf. is injective. Now let us take the 
elements /i, . . . , G Iq whose images in Jo/mr/o + -^oITIt form a fc-basis. Then, the 
images of /i , . . . , in xxi^ / rriy are linearly independent and it follows from Proposition 
12. 181 that Jo is analytically generated by fi, . . . , fr. 

To prove (b) =^ (a), suppose we have elements fi,...,fi e Iq such that they give 
rise to linearly independent elements in xxi^/m^ and /q = (/i, . . . , fr)- By Proposition 
12.181 we may assume that the images of fi,...,fr in Iq/xxitIo + Iq^t form a /c-basis. 
Note that Iq fl vcXj. is a closed ideal of T containing mrlo + IoXXIt, hence we have an 
inclusion relation vcitIq + Iq^t ^ -^o H — ^t- Therefore we obtain the natural map 

Jo/mr/o + /oiTiT /o//o n mi^ C m^/m.^. 

Since g maps the fc-basis of /o/m-r/o + -^qTTIt to a set of linearly independent elements in 
m^/tTij., we have the injectivity of g. In particular, the equality xxitIq + IqXXIt = lo^vcij^ 
holds. Hence it follows that 

mr/o + -^oiTir + (^o n m^) = /q n m|, 

for all n > 3. Thus we have the equality Homcon(-^O) k) = Homfc(/o//o H xn^, k). 
Therefore the map q* : Homcon(tTiy, ^) Homcon(-^0; ^) is the same as the /c-dual of 
the natural injection Iq/Iq H xxi^ C m^/xxx^. The surjectivity of q* is now obvious. □ 

4.4 Comparison of cohomology 

As in the previous sections, F = [F, d) denotes a projective complex over where R 
is an associative /c-algebra. We assume that r = dimfcExt)j(F, F) is finite as before. 
Adding to this assumption, we assume in the rest of the paper that the complex F is 
right bounded, i.e. there is an integer s such that -Fj = for i < s. 
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We also denotes by Lq = {F ®a; Pq, Aq) the universal lift of F with the parameter 
algebra Pq. Note that Lq may not be projective as a right Po-niodule. They are even 
non-flat as seen in Example 12.411 

For any integer > 1, we set 

= (F ®fc Po/m?.„, AW) = L Po/m%. 

In fact, each Lq"-* is a right bounded complex of projective left R'^k{Po/^%y^-'^odn\es, 
in particular, it is a free right Po/va^^-module. 

For any associative fc-algebra R, we denote by D+{R) the derived category consist- 
ing of right bounded complexes over R. Then, tensoring the chain complex Lq"^ yields 
the functor p„ between the derived categories: 

p„, : D^Po/m^J ^ 

which is defined by p„(X) = Lq"-* ®Po/m^ X. This is well-defined, since Lq"^ is a right 
bounded complex of projective left R ®/t (Po/n^Po) "^-modules. 

Note that the natural projection Po/rn^^ Po/xrip^ induces a natural functor 
-D+(Po/iTipo) ~^ -D+(Po/nXp^^). And it is easy to see the diagram 

D^Po/m^J ^D^{R) 

is commutative. 

Note that Lq"''' ®Po/m^ k = ¥, hence we have Pn{k) = F for each n > 1. It follows 
that the functor p„ induces the map 

p^Ext^„/^„^(fc,fc)-.Ext^(F,F) 

for all integer i. Then the commutative diagram (jl]) forces the commutativity of the 
following diagram. 

Ext^„/^„^(/c,A;) Ext'^(F,F) 

Definition 4.18 From the commutative diagram ([5]), we can define the inductive limit 
pL = !im„ pi foi^ each i ; 

pI : limExt^„/^„ (k^k) Ext^(F,F). 
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The aim of this section is to show that is an injective map for i = 0, 1, 2. 
Note that lim^ Ext p^^^n {k,k) = 0j>o Ext^j^^n {k,k), as well as Ext^(F, F), 

has a structure of algebra by Yoneda product, and 

: limExtp„/^„^(A;,A:) Ext^(F,F) 

n 

is an algebra map. 

First, consider the case i = 0. Since Ext?,^/„„ (fc, k) = k and : k ^ Ext?j(F,F) 
is a natural injection for any n > 1, we easily see the following lemma holds. 

Lemma 4.19 The mapping : k Ext5j(F,F) is a natural injection. 

To argue for the case i = 1, we should notice that Extp^^^n (k, k) = Homfc(mpQ/mp^, k) 
for all n > 2 and the natural maps Extp^^^^n (k^k) — Extp^^^^„+i(/c, /c) coincide with 
the identity map on Homfc(mp„/mp^, k). Hence we have 

pI : Homfc(mp„/m|.„, fc) ^ Ext^(F,F). 

We can prove this is actually an isomorphism. 

Lemma 4.20 The mapping p^ : Homfc(mpQ/mp|j, k) Extp(F, F) is an isomorphism. 

Proof. By the observation above, we only have to prove that pi : Homfc(mpo/mpj, k) 
Ext}j(F,F) is an isomorphism. Let us denote Pq = T/Iq where T = k{{ti,t2, . . . ,tr)) 
and Jo C mf.. Recall that Ext^(F, F) has a /c-basis {[tl], [^2], • • • , [t*]}. And, by defini- 
tion, we have Lq^'' = {F 0^ T/m^, 6) with 6 = d ^ 1 + Y7i=i ® where ti denotes 
the image of ti in mT/xn^. Therefore, it is easy to see that the mapping pi is defined 
by 

r 
1=1 

for / G Hom^.(mr/my, k). The lemma follows from this. □ 

Now we proceed to the case i = 2. The goal here is to prove the following theorem. 

Theorem 4.21 There is an isomorphism (3 : T{Pq) liniExtp^/^n {k,k) which 
makes the following diagram commutative. 

r(Po) ^ Ext^XF,F) 

lim^ Ext^,,/„„^ {k, k) 
In particular, p^ is an injective map as is Ol, 
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To prove this, let A be an arbitrary artinian local /c-algebra in Ak, and let = 
{G,d^) be a free resolution of the left A-module k = A/xtia- Then, by Theorem 13.231 
there is a universal lift of G^ of the form Gq = {G ®k A, Aq) whose parameter algebra 
is A. Since Gq is a lift of G^, we have the /c-linear map 



a^A : r{A) ^ Extl(G^, G^) = Extl(^, k) 
which is defined in I4.1[ 

Lemma 4.22 Let A G Ak as above. Then the map aj^A is an isomorphism. 

Proof. Since A is a parameter algebra of the universal lift Gq of G, Theorem 14.41 
implies that a^A is injective. Thus, to show this is an isomorphism, it is enough to 
show that dimkT{A) = dimfcExt^(/c, /c). Let us describe A = T/I where T is the 
non-commutative formal power series ring and / C m^. Note that the ideal / is open 
and closed in T, since A is artinian. Therefore, by Proposition I2.32[ we have T{A) = 
B.omcon{I, k) = B.omk{I / IvciA + vciaI, k). On the other hand, by the following lemma, 
we know that Ext^(A;, k) = Homfc(///mT + rarl, k) = T{A). Hence dimfcExt^(A;, k) = 
dimfcr(v4). □ 

Lemma 4.23 Let P = T/I ^ Ak where T = k{{ti,t2, . . . ,tr)) is a non- commutative 
formal power series ring and I C m^. Then there is an isomorphism Extp(/c, /c) = 
Homfe(J/JmT + mr/, k) = RomT-Mmodil , k). 

Proof. By virtue of Lemma I2.12[ there is a minimal free resolution of /c as a left 
T-module of the form 

> T' ^ T > k > 0. 

Therefore, tensoring P over T, we have an exact sequence of left P- modules 

> Torf(P,A;) > P'' > P > k > 0. 

Note that, by the exact sequence of right T-modules 0— >/— ^T— i>P— i>0, we have 
Torf(P,fc) ^ I/IxxiT which is an isomorphism of left P-modules. Therefore we have 
Extp(A;, k) = Homp(///mT, k) = Homfe(///mr + vcitI, k). □ 

One can show that the isomorphism a^A does not depend on the choice of free 
resolution G^ and its lift Gq. This follows from the following more general lemma. 

Lemma 4.24 Let F^^^ = (P(^),(i(^)) and F^^) = (P^^^d^^)) he right hounded projective 
complexes over R. For A E Ak, let G^*) = (P(*) ®fc A, A^*)) he a lift of¥^'^ to A for 
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i = 1,2. Suppose that there is a quasi-isomorphism q : G^^^ C-^^ of chain complexes 
over R®k A°'P . Then, there is a commutative diagram: 



r{A) 



Ex4(F(2),F(2)) -i: 



Ex4(F(i),F(2)) 



Proof. Let [A', e] G T {A) and let A^*) be a lifting homomorphism F^*)®^^' 
/!'[— 1] of A*^*^ for i = 1,2. Then, by the definition of a^ci), we have the description 
(^/\(«))2 _ ^(i) 0^ g with /i*^*) : F*^*) — s> 2] being a chain homomorphism, and the 

equality a^c^) ([A', e]) = [h^''>] holds. Now take a lifting map g' : F^^) ®fc ^' ^ F^"^^ ®fc A' 
of a graded homomorphism q and we have the commutative diagram: 







ir(2) 



F(2) ®, A 











Since A^^^g = qA^^\ we have the following commutative diagram: 

A(2)g'-g'A(l) 



Hence there is a graded homomorphism p : F^^^ — * F*^^''[— 1] with the equality 

A(2)g' - g'A(^) = p ® e. 
Multiplying A*^^-* (resp. A*^^)) from the left (resp. right), we have equalities 

® e = A(2)(p ® e) = (/i(2) ® e)g' _ A^^)q'A^^) = h^^\ ® e - A(2)g'A(^), 

and 

prf(^) ® e = ® e)A(i) = A(2)g'A(i) - ® e) = A(2)g'A(i) - g/i^^) ® e. 

Consequently, the equality 

holds. It follows that the equality = [qh^^^] = [h^^'^q] = q*{[h^'^'^]) holds as an 

elements of Ext^(FW,F(2)). □ 
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Lemma 4.25 Let A G Ak and let G"^ = {G,d^) be a free resolution of the left A- 
module k = A/xtia- We take a universal lift of of the form = (G ®fc A, Aq) as 
above. Furthermore, suppose that there is a lifting chain complex L = (F CS>fc A, A) of 
¥ = [F, d) . Then we have the following commutative diagram 

T{A) Ext^(F,F) 
Ex4(fc,fc), 

where Pl ^-^ the map induced by the functor L ®a — : — ^ -D+(-R). 
Proof. Consider the tensor product of chain complexes 

X := L ®^ = {{F ®fc A) ®A {G ®fc A), dx), 

where (ix = A(g)l + l® A^. Notice from Theorem 13.231 that Gq is a complex of 
free A^k ^"^-modules and it is quasi-isomorphic to A as a chain complex of A ® A"^- 
modules. Therefore the chain complex X is quasi-isomorphic to L as a chain complex of 
modules. By virtue of Lemma [4. 241 it is sufficient to prove the commutativity 
of the following diagram. 

r{A) Ext^(X ®A k, X ®A k) 

Ext^(A;, A;) 

For this, let [A', e] G T (A) and take a lifting map T : G (g)kA' G (g)k A'[-l] of A^. By 
definition of ajjA, we have = /i ® e for some h : G ^ ^["2] and ^(^^([yl', e]) = [h]. 
Therefore p|(a(gA([y4', e])) is represented by a chain map 1 ® h onX ®a k = ¥ ®^ G"^. 
On the other hand, d'x = A(8)l + l®Fisa lifting map of dx, and we have the equality 
d'x'^ = 1 ® ® e. Hence it follows from the definition that a;x([^'; e]) = [1 ® /i] as well. 
Hence we have p| • Ojja = ax- □ 

Let P E Ak be any complete local /c-algebra. Then, induced from the natural 
projections Pn : P/vXp'^^ P/m.p and 7r„ : P — ^ P/mp for each n > 1, there are 
natural mappings p*^ : T(P/m?,) ^ r(P/m^+^) and < : T(P/m?,) ^ T{P). See 
Lemma 12.301 By the functorial property of T, it is clear that the diagram 

r(p/m?,) r(p) 

Pn 

T(P/m^+i) 
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is commutative for each n > 1. Thus it induces the map 

7P := lim< : limr(P/m^) ^ T(P). 

Lemma 4.26 The map 7p is an isomorphism for any P G Ak- 

Proof. First we show that each vr* : T(P/mp) ^(-P) is injective for n >2, hence 
so is 7p. For this, let [A,e] G T(P/mp). Then take a fiber product and we have the 
following commutative diagram with exact rows and columns. 





mv 



A' 



A 







P 



P/ra}, > 







By definition 7r*([A, e]) = [A',e']. Suppose [^', e'] = in T{P). Then, since the small 
extension {A\ e') is a trivial one, we have e' ^ m^, by Lemma I2.25[ Then by the 
diagram above, we see e ^ as well. Hence [A, e] = in T(P/mp) again by Lemma 
[2251 

Now we prove 7p : limT(P/mp) T{P) is surjective. For this, let [^',e'] be 



any element of T{P). Since f]^ 
is an integer no > 1 such that (e' 



(0) and since (e') is of finite length, there 
n m^, = (0) for n > uq. For such any n, we set 
An = A' /vci\, and e„ = e' mod m^,. And it is easy to see that e„] G T(P/mp) and 
7r*([y4„, e„]) = [A' , e'] for n > tiq. The surjectivity of 7p follows from this. □ 



[Proof of Theorem I4.21j 

Let Lq be a universal lift of F with the parameter algebra Pq as in the setting of 
the theorem. We denote Lg""^ = L CS)po Pq/xW},^ and Gq"^ = Go ®Po Po/mp^j, where Gq 
is the universal lift of a free left Po-module k. Then, from Lemma 14.251 we have a 
commutative diagram 



^(^o/m?>J 



" ^ Ext^(F,F) 



o2 
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Note from Lemma [4.221 that a„(n) is an isomorphism. Now taking the inductive hmit 
and setting 3 = hma„(n), we have a commutative diagram by Lemma 14.261 

lim a^(„) 

T(Po) ^ Ext^(F,F) 

limExt^ /^n {k,k), 

where (3 is an isomorphism as well. It is easy to see from the definition that lima („) = 
olo and limp^„) = pL- ° 

We should note that there is a natural mapping 

u : limExtp/^n {k, k) Extp(/c, k). 

n 

However, the mapping v is not an isomorphism in general. In fact, we can show the 
following proposition. 

Proposition 4.27 Let P = T/I be a complete local k-algebra where T is a non- 
commutative formal power series ring and I C m^. Then the natural map v is al- 
ways injective. It is an isomorphism if and only if the ideal vcitI + Ivcit is closed and 
dimfc//mr/ + Ixxit is finite. 

Proof. By Lemma [4.231 we know that Extp(/i;, k) = Homj'_bimod(-^! k). On the other 
hand, it follows from Theorem 14.211 and Proposition 12.321 that 

limExt^/^„ (fc, k) I T(P) = Homeo„(/, k). (6) 

n 

Through these isomorphisms, it can be seen that u coincides with the natural map 
B.omcon{I, k) — s> Homr-bimod(-^, k), which is of course an injection. 

Suppose that xnTl + IvnT is closed with dimfc//mT/ + /iTiT < oo. Then, by Corollary 
12.211 the inclusion H / C vcitI + /ttit holds for large n ^ 1. Therefore we have 
Homcon(-^, ^) = Homr_bimod(-^5 See Definition 12. 31[ 

On the contrary, assume Homcon(-?^, k) = Hom7-_bimod(-^5 k). If dim^I /vcitI + /m^ = 
oo, then HomT-bimod(-^, k) = Homfe(//mT/ + /tnT, k) has uncountable dimension as a k- 
vector space. On th other hand, by the equality (E]), B.omcon{I , k) has countable dimen- 
sion, as it is an inductive limit of finite dimensional fc-vector spaces. By this contradic- 
tion, we can conclude that dimfcl/mj'/ + Ivc\.t < oo. Then, since dimki /xutI + Ivcit < 
oo, it follows 

Homco„(/, k) = Homfc(//mT/ + /ttit, k). 
Since this equals HomT_bimod(-^, = Homfc(//mr/ + Jmr, /c), we see the equality 
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